Preface

Over the last decade interest in diffusion MRI has exploded. The technique
provides a unique insight into the microstructure of living tissue and enables
in-vivo connectivity mapping of the brain. Tractography and connectivity
mapping give fundamental new insights in neuroscience and neuroanatomy.
Furthermore, microstructural changes or abnormalities are often the earliest
signs of disease or tissue regeneration, and thus diffusion MRI promises to
have an important clinical impact. The variety of clinical applications is
expanding rapidly and includes detection of lesions and damaged tissue,
prognosis of functional impairment and neurosurgical planning.
Computational techniques are critical to the continued success and development of diffusion MRI and to its widespread transfer into the clinic.
New processing methods are essential for addressing issues at each stage
of the diffusion MRI pipeline: acquisition, reconstruction, modeling and
model fitting, image processing, fiber tracking, connectivity mapping, visualization, group studies and inference. This workshop, held under the
auspices of the 14th International Conference on Medical Image Computing
and Computer Assisted Intervention, MICCAI 2011, provides a snapshot of
the current state of the art and gives some insight into the future of diffusion
MRI analysis.
We are also indebted to members of the Program Committee for ensuring
the quality of the presented work, as well as chairing sessions, at the meeting.
It is our distinct pleasure to welcome participants to CDMRI 2011, and
to provide this record of the exciting work represented at the workshop.
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Oral Session I: Tractography and Applications
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Abstract. We propose a novel whole brain ﬁber-to-DTI registration
method and apply it to a clinical study of small vessel diseases. It deforms
a manually annotated ﬁber model to diﬀusion tensor images of new subjects. Fiber trajectories and anatomically meaningful ﬁber bundles are
automatically obtained by this registration. The free-form deformations
are used to regularize the transformations at the whole brain level and
across ﬁber bundles. Fiber curvatures are penalized as the intra-ﬁber regularization to encourage the smoothness of transformed ﬁbers. A Laplace
along-ﬁber regional prior learned from healthy subjects is proposed to
evaluate the match between ﬁbers and tensors in patients. It eﬀectively
improves the registration performance in the presence of white matter
lesions. Experimental results show successful registration on 55 subjects
and the DTI measurement computed from registered anatomical ﬁber
bundles have signiﬁcant correlation with cognitive functions.
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Introduction

Diﬀusion Tensor Imaging (DTI) can characterize properties of white matter
(WM) tissue in the brain and has great potentials in both clinical and neuroscientiﬁc studies. In many cases, scalar measures such as the fractional anisotropy
(FA) are directly computed from diﬀusion tensors in the whole brain or in regions
of interest for clinical and neuroscientiﬁc studies [1], whereas more advanced DTI
measures with stronger statistical power require tractography [2, 3] or even tractography segmentation [4, 5]. However, tractography suﬀers from the problems
of noise, partial volume eﬀects, and early termination of ﬁbers, especially when
patients have white matter lesions. In tractography segmentation, it is diﬃcult
to obtain anatomically meaningful ﬁber bundles without human intervention.

Fig. 1: Full brain ﬁber model. Diﬀerent colors indicate diﬀerent anatomical bundles.

Establishing the correspondences between ﬁber bundles and the pointwise correspondences along ﬁbers in diﬀerent subjects is also challenging.
We circumvent these challenges by directly registering a manually annotated
whole brain ﬁber model to diﬀusion tensor images of new subjects. In the ﬁber
model, outlier ﬁbers are removed and the remaining ﬁbers are labeled into wellknown anatomical structures. This ﬁber-to-DTI registration scheme is attractive
because it simultaneously achieves tractography and tractography segmentation
after registration. The correspondences between ﬁber bundles and the pointwise
correspondences along ﬁbers across subjects are also automatically established.
Moreover, it enforces the integrity of ﬁbers and is robust to aforementioned DTI
defects by using inter- and intra-ﬁber regularization. Additionally, DTI is ﬁxed
in ﬁber-to-DTI registration and thus the well-known problems of re-orientations
and partial volume eﬀects in DTI-to-DTI registration are avoided. Furthermore,
ﬁber-to-DTI registration focuses on anatomical structures of interest and is less
aﬀected by other regions such as gray matter (GM).
This work is related to the active ﬁbers approach [6], which deforms a chosen
ﬁber bundle to match the diﬀusion tensor images by using the active contour
model. Our work is distinct from [6] mainly in three aspects. Firstly, our ﬁber-toDTI registration algorithm is able to register whole brain ﬁbers simultaneously,
whereas the active ﬁbers method [6] only deals with a single bundle and is hence
theoretically prone to local optima and may lead to physically impossible ﬁber
bundle topology. Secondly, we model the deformations by free-form deformations
(FFD) [7, 8], whose parameter number is independent of the number of ﬁbers.
On the contrary, the parameter number of [6] is proportional to the number of
ﬁbers, and therefore the regularization is much more complicated. Thirdly, we
propose an along-ﬁber regional prior learned from healthy subjects to improve
the performance of registration in the presence of WM lesions, and our algorithm
has been applied to 31 healthy subjects and 24 patient subjects. In contrast, the
similarity measure in [6] is purely the ﬁber-tensor ﬁt measurement, which is very
local and unreliable in the presence of WM lesions. Besides, the validation of [6]
is only performed on 5 healthy subjects.
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Free-Form Fibers (FFFs) Model

Our expert-annotated ﬁber model comprises of 20,000 tracts which are evenly
sampled into 1,000,000 ﬁber points with a step of 0.5mm. The ﬁber model is obtained by ﬁrst automatically clustering ﬁbers into a large number of small bundles, then manually removing outlier bundles and merging bundles into anatomical structures (called anatomical ﬁber bundles). Finally there are 21 anatomical
ﬁber bundles. The ﬁber model is shown in Fig. 1.
Let F Ti denote a serial of ﬁber points along the ﬁber tract i. The whole brain
ﬁber model is construted by stacking all the ﬁber tracts:
P =[F T1 , F T2 , · · · , F TT ]T
=[p11 , p21 , · · · , pn1 1 , p12 , p22 , · · · , pn2 2 , · · · , p1T , p2T , · · · , pnTT ]T ,

(1)

where T is the total number of tracts, and ni represents the number of points of
tract i.
Given a mesh grid of control points Φ with uniform spacing (nx , ny , nz ), the
B-spline FFD maps a ﬁber point (x, y, z) to:
p(x, y, z) =

3 
3 
3


Bl (u)Bm (v)Bn (w)φi+l,j+m,k+n ,

(2)

l=0 m=0 n=0

where i = x/nx  − 1, j = y/ny  − 1, k = z/nz  − 1, u = x/nx − x/nx ,
v = y/ny − y/ny , w = z/nz − z/nz  and B is the B-spline basis function.
In FFFs, these B-spline coeﬃcients represent the ﬁber points in the mesh
coordinate system and are static during the evolution of Φ. Let BN ×M denote
the B-spline basis coeﬃcient matrix. Equation (2) can be written as:
PN ×3 (Φ) = BN ×M × ΦM×3 ,

(3)

where N and M are numbers of ﬁber points and control points respectively.
Having this parametric model of the whole brain ﬁbers, we ﬁnd the deformations from the ﬁber model to the target brain DTI by optimizing the energy
functional (4) with respect to Φ.
E(Φ) = Edata (P (Φ)) + winter Einter (Φ) + wintra Eintra (P (Φ))
= Edata (BΦ) + winter Einter (Φ) + wintra Eintra (BΦ),

(4)

where Edata is the data term which will be speciﬁed in Section 3; Einter and
Eintra are the inter- and intra-ﬁber regularization terms; wintra and winter are
experimentally chosen term weights. In [6], inter-ﬁber regularization is obtained
by penalizing transformation diﬀerence of local connected ﬁber points while ignoring distances between ﬁber points. By contrast, we want to have control of
the elasticity of the whole brain volume rather than only for the ﬁber points. So
we penalize the bending energy term on the mesh as

∇2 Φ2F ,
(5)
Einter (Φ) =
i

j

k

where ·F is the Frobenius norm. Note that Φ here is a 3D vector ﬁeld, whereas
in (3) is the stacked version.
Although warping brain ﬁbers with regularized deformations does not change
the curvatures of ﬁbers signiﬁcantly, it is uncertain whether this change will
compensate the curvatures of the input ﬁbers or amplify them because the FFD
models a solid volume [7] and is blind to ﬁbers. Since low curvature is a common
assumption on the brain ﬁbers in most tractography approaches, we introduce
the intra-ﬁber regularization term to encourage FFD to move towards the direction that will result in smooth ﬁbers. We deﬁne

Λ∇2 P 2 ,
(6)
Eintra =
s

where Λ is a diagonal matrix that Λss = 0 if point ps is an end ﬁber point, and
Λss = 1 otherwise.
We minimized the energy functional by a quasi-Newton approach. The gradient is calculated as below:
∇Φ E = B T (∇P Edata + ∇P Eintra ) + ∇Φ Einter .
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(7)

Similarity Measures

The ﬁber-DTI similarity measure is deﬁned by the data term
Edata (P ) = wDTI EDTI (P ) + (1 − wDTI )Eregion (P ),

(8)

where EDTI measures whether the majority of the principal diﬀusion directions
of tensors are aligned with the tangents of ﬁbers, and Eregion is based on a
regional prior that will be elaborated later in this section. Let vs denote the
unit tangent vector of point ps on the deformed ﬁber tracts and Ds denote the
tensor at ps . We deﬁne the data term as the normalized Fiber-Tensor-ﬁt(nFiT)
EDTI = −

 v T D s vs
s

s

tr(Ds )

.

(9)

When applied to patient subjects, using only the nFiT measurement is insuﬃcient. On one hand, WM lesions may alter the microstructure of ﬁber tracts [9],
making the nFiT measure unreliable. On the other hand, the tensor directions in
a local area may be highly inconsistent due to the complexity of ﬁber structures.
For instance, superior cingulum is perpendicular to corpus callosum but they are
very close to each other. This complexity of ﬁber structures poses diﬃculty on
quasi-Newton optimization. Owing to the inter- and intra-ﬁber regularization,
the FFFs framework is able to overcome these limitations when used on most
healthy subjects, but often fails on patient subjects due to the contamination
of ﬁber tracts. Therefore, we enrich the data term by incorporating a regional
prior learned from healthy subjects.
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Fig. 2: Baseline (a) and FA (b) images for a patient subject (upper) and a healthy
subject (lower); and similarity map for the ‘×’ point obtained by diﬀused FA (c) and
our region descriptor (d). ‘+’ shows the correspondence of ‘×’. The lower row is the
close up of the upper row for (c) and (d).

Extract regional features To learn the regional prior, we need a feature
that does not vary much between healthy and patient subjects. However, most
DTI features are not invariant to lesions, which is not surprising because the
microstructure is altered. Nevertheless, boundaries between WM and GM are
still clear in FA images despite the WM is darkened by lesions (see Fig. 2(b)).
This observation motivates us to use a region descriptor to extract the regional
FA feature for every ﬁber point.
The descriptor is deﬁned as the correlation coeﬃcients for a local window
between FA and three positional features (κ1 = −y + z, κ2 = x + y + z, κ3 =
−x + y + z):

(10)
RCC(F A, κk ) = cov(F A, κk )/ cov(F A, F A)cov(κk , κk ),
where cov(A, B) is the covariance of A and B in a local window.
We choose these three positional features because they are fairly simple and
ﬁt the principal axis of the lateral ventricle of the majority of our data. Note
that it is not necessary for the features to be exactly orthogonal.
As shown in Fig. 2, diﬀused (blurred) FA leads to low similarity at the corresponding point due to the reduction of FA value. On the contrary, our region
descriptor generates high similarity at the corresponding point.
Actually, our 3-channel descriptor performs similar to edge detector but has
the following three advantages. (1) Unlike the simple gradient which is computed
from neighboring voxels, the region correlation is the statistics of a local region
and is thus robust to noise; it is also invariant to the local average and variance
of FA, the reduction of which is a common result of WM lesions. (2) Due to

the large overlap of neighboring windows, it diﬀuses the WM surface to its
neighborhood which enlarges the capture range of the model. (3) These features
can be computed very eﬃciently by using the integral image representation [10]
whose complexity is independent of the window size.
Learn the features for patient subject registration After registration of
healthy subjects using (9), we respectively learn the three features for every ﬁber
point by Laplace distributions. This statistical along-ﬁber prior is very diﬀerent
from the conventional atlas which is based on a single reference image. The conventional atlas method deforms ﬁbers according to image-to-image registration
and accordingly any misalignment in the atlas will be propagated to the ﬁnal result. Contrarily, in our framework, registration errors of a single training sample
are regarded as outliers and will not aﬀect the Laplace priors much.
We deﬁne the regional data term as

log p(ps ; κ1 )p(ps ; κ2 )p(ps ; κ3 )
Eregion (P ) = − log p(P ; κ1 , κ2 , κ3 ) ≈ −
=−

   |RCC k − μk |
s

k

s
bks

s

s


+ C(bks ) ,

(11)

where μs and bs are the location and scale parameters of Laplace distributions learned from registration results of healthy subjects. RCCsk is short for
RCC(F A, κk ). C(bks ) is a constant value independent of P .
For healthy subjects, regional prior is not available and we set wDTI = 1. For
patient subjects, since the B-spline grid is optimized in a coarse-to-ﬁne manner,
we set wDTI = 0 at coarse grid levels because the regional term is more robust,
and wDTI = 0.5 at the ﬁnest grid level, to balance the two terms and reﬁne the
registration results.
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Results

24 elderly patients in various stages of Small Vessel Desease (SVD) are recruited
for an experimental treatment. 31 healthy subjects are enrolled for reference.
Diﬀusion weighted images (DWI) are acquired on a 3-T Philips Achieva MRI
scanner (Philips, Netherlands) in 16 gradient orientations with ﬁeld of view equal
to 220 × 220 × 165 mm3 at the b-value of 750 s/mm2 . Pixel spacing equals to
0.86 × 0.86 mm2 and the slice thickness is 3 mm. The repetition time/echo time
equals to 10900/84.5. The ﬁnest B-spline control point spacing is about 7 × 7 × 6
mm3 . Based on the visual validation of the major ﬁber bundles, the ﬁber-to-DTI
registration is successful for all the 55 subjects.
Fig. 3 compares the corpus callosum constructed by manual seeded tractography (a) with three ﬁber-to-DTI registration approaches: (b) aﬃne alignment;
(c) FFFs with nFiT alone as the similarity measure (“nFiT” for short); and (d)
FFFs with nFiT and the regional prior (“RCC-nFiT” for short). As shown in
the upper row, due to WM lesions, the tractography approach (a) fails to reconstruct the middle part of the corpus callosum (CC), whereas integrity of the CC

(a)

(b)

(c)

(d)

Fig. 3: The corpus callosum reconstructed by using manual seeding(a), aﬃne alignment(b), nFiT(c), and RCC-nFiT(d). The lower ﬁgure of (a) shows the seed region.

is maintained in the ﬁber-to-DTI registration approaches (b-d). The lower row
compares the tractography (white) and registration results (gray) in close-up
view. If registration does well, the registered ﬁber template should match the
ﬁbers reconstructed from manually seeded tractography. After aﬃne alignment,
there is still shape mismatch between the tensor and the corresponding anatomical structure, i.e., the tractography result. The nFiT approach deformed the
ﬁber in wrong direction while the residue mismatch was successfully corrected
by RCC-nFiT.
The upper row of Fig. 4 displays the patient registration results in diﬀerent depths. As shown, the registered ﬁber bundles well ﬁtted the anatomical
structures on the DTI data and the ﬁber bundles were able to go through the
lesion regions (highlighted in white squares). It is important to note that by
using an annotated ﬁber model, we are able to simultaneously segment multiple
regions, e.g., inferior cerebellar peduncle in green, corpus callosum in magenta,
and superior cingulum in blue. The lower row of Fig. 4 compares aﬃne alignment, nFiT, and RCC-nFiT results. Anatomically, the corpus callosum (in cyan
squares) should not cross the lateral ventricle (the central bright region). It is
clearly shown that the RCC-nFiT approach outperformed the other two.
Since the key contribution of the work is to achieve ﬁber-to-DTI registration at whole brain scale which is too complex to synthesize, we are currently
unable to validate the registration with ground truth. Alternatively, previous
clinical studies [1] suggested that DTI measures should have strong correlations
with cognitive impairment. We therefore validate our results by testing whether
it is coherent with the clinical ﬁnding. Speciﬁcally, we test the partial correlation coeﬃcients between the along-ﬁber nFiT and two widely used cognitive
scores: the Mini-Mental State Examination (MMSE) and the Montreal Cognitive Assessment (MoCA), based on 24 patients with control for age, gender,

Fig. 4: Upper row: RCC-nFiT results of a patient subject in axial view. Lower row: comparison of results from aﬃne alignment (left), nFiT (center), and RCC-nFiT (right).
Points within the slice space are overlayed. View in color for ﬁbers.

and education. As shown in Table 1, the correlation is remarkably improved by
incorporating regional prior for both MMSE and MoCA. The p-value of the correlation between RCC-nFiT results and MoCA scores is 0.001, indicating that
the along-ﬁber nFiT measure obtained by our ﬁber-to-DTI registration could be
used as predictors of cognitive impairment.

Correlation with MMSE
Correlation with MoCA

Aﬃne

nFiT

RCC-nFiT

0.373
0.462

0.487
0.657

0.561
0.725

Table 1: Correlation coeﬃcients between cognitive scores and along ﬁber measurements.
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Conclusion

A novel whole brain ﬁber-to-DTI registration method, named free-form ﬁbers
(FFFs), is proposed and demonstrated to be able to automatically obtain whole
brain ﬁber trajectories and annotation. Using a unique whole brain ﬁber model
to match multiple subjects, the method provides inter-subject correspondence
by nature, thus allowing for group analysis. Meanwhile, by using intra- and interﬁber regularization, the method can avoid early termination of ﬁbers, which is
a vital limitation of the conventional tractography method. We also propose
a Laplace regional prior that is learned from healthy subjects and makes the
registration for SVD patients robust towards WM lesions. Experimental results
showed successful registration for both healthy subjects and SVD patients and
demonstrated improvement by using regional prior. Similar conclusion is con-

ﬁrmed by quantitative tests using correlations between along-ﬁber DTI measurements and the cognitive scores of patients. Future work includes comprehensive
validations of the registration and research on region speciﬁc along-ﬁber DTI
measurement.
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Abstract. This paper proposes a semiparametric Bayesian local functional model (SBLFM) for the analysis of multiple diffusion properties
along fiber bundles with a set of covariates of interest, such as age and
gender. A local partition process is used to model the variability of multiple diffusion properties along white fiber bundles across subjects. Subsequently, three types of statistical inferences are carried out: (i) global
hypothesis testing to test the overall significance of a hypothesis of interest; (ii) local hypothesis testing to identify the region of significance;
(iii) posterior cluster analysis for the number of clusters among subjects.
Posterior computation proceeds via an efficient MCMC algorithm using
the exact block Gibbs sampler. We apply our SBLFM to study potential
gender differences and find statistically significant aspect of the development of diffusion properties along the splenium of the corpus callosum
tract and the right internal capsule tract in a clinical study of neurodevelopment.

1

Introduction

Diffusion Tensor Imaging (DTI) has been widely used to map the microstructure
and organization of fiber tracts and to assess the integrity of anatomical connectivity in white matter [1]. Three major analytic approaches have been developed
for the group analysis of DTI fiber tract data. These approaches include regionof-interest (ROI) analysis, voxel based analysis, and fiber tract based analysis
[2]. ROI analysis suffers from the identification of meaningful ROIs, the instability of statistical results obtained from ROI analysis, and the partial volume
effect in relative large ROIs [3]. Voxel based analysis is used more commonly
than ROI analysis [4], but it suffers from issues of alignment quality and the
arbitrary choice of smoothing extent [5].
There is a growing interest in the DTI literature in developing fiber tract
based analysis of diffusion properties. A tract-based spatial statistics framework
[5] and a model-based framework [6] have been developed for the point wise
analysis of diffusion properties along the white matter skeleton or on the medial

manifolds. These two methods ignore the functional nature of diffusion properties, and thus they can suffer low statistical power in detecting interesting
features and exploring variability in functional data. The functional regression
analysis has become popular recently. Functional principal component analysis
was used for subgroup analysis [7] per tract and the age-related the age-related
changes of diffusion properties along fiber tracts [8]. Multivariate functional regression frameworks have been developed for the analysis of multiple diffusion
properties along fiber bundle and their association with a set of covariates of
interests such as age [9]. Greven et al. [10] developed a varying-coefficient model
for longitudinal DTI data. However, Bayesian analytic approach has not been
developed for the analysis of functional diffusion property data yet.
Bayesian nonparametric models incorporate infinitely-many parameters in
order to more flexibly represent uncertainty in complex data structure. We develop a semiparametric Bayesian local functional model, called SBLFM, to model
functional diffusion property tract data and capture their latent clustering structure. There are several novel aspects of our framework. (i) We use a Bayesian
nonparametric prior, called LPP2 prior, to facilitate global and local borrowing
of information among subjects. LPP2 prior [11] is capable of both global and
local clustering of the subject-specific random effects. (ii) We propose an approach to construct the confidence band of each varying coefficients in SBLFM.
(iii) We develop a Bayesian local hypothesis testing procedure for carrying out
local significant inference at each grid point along fiber tract. (iv) We develop a
Bayesian posterior analysis of the latent clusters among different subjects.

2

Semiparametric Bayesian Local Functional Model

A schematic overview of the analysis pipeline SBLFM is given in Fig. 1. The
computational algorithm for SBLFM is developed using Matlab.
2.1

Semiparametric Bayesian Local Functional Model

We develop a semiparametric Bayesian local functional model (SBLFM) for the
analysis of tract-based diffusion property data. Assuming that we observe M
diffusion quantities at a grid of T points along a fiber bundle from n subjects, de(1)
(M )
noted by {Yi (dt ) : i = 1, . . . , n, t = 1, . . . , T }, where Yi (dt ) = (Yi (dt ), . . . , Yi (dt ))T ,
dt ∈ [0, L] is the arc length of the t−th point relative to a fixed end point of the
fiber bundle, and L is arc length of the fiber bundle. We consider a multivariate
random varying-coefficient model given by
Yi (dt ) = βi (dt )T Xi + i (dt ), i (dt ) ∼ NM (0, τ −1 IM ),

(1)

where Xi = (xi1 , · · · , xiK )T is a K × 1 vector of covariates of interest and
(1)
(M )
(m)
βi (dt ) = (βi (dt ), . . . , βi (dt )) is a K × M matrix, in which βi (dt ) =
(m)
(m)
(βi,1 (dt ), . . . , βi,K (dt ))T is a K × 1 random varying-coefficient vector for m =
1, . . . , M . The i (dt ) is assumed to be the realization of a Gaussian process vector

Fig. 1. A schematic overview of SBLFM using right internal capsule as an illustration.

with mean zero and covariance matrix τ −1 1(ds = dt ), where 1(·) is an indicator
(m)
function. Furthermore, we approximate βi,k (dt ) by a linear combination of the
B-spline basis functions bl (dt )s given by
(m)

βi,k (dt ) =

p
X

(m)

(m)

θikl bl (dt ) = b(dt )T θik ,

(2)

l=1
(m)

where θik
(1) T

(θi

(m)

(m)

= (θik1 , . . . , θikp )T and b(dt ) = (b1 (dt ), . . . , bp (dt ))T . Let θi =
(M ) T T

, . . . , θi

) , We specify an infinite factor model on θi
θi = Ληi ,

(3)

where Λ is a (k + 1)pM × ∞ factor loadings matrix and ηi ∼ N∞ (0, I∞ ) are
latent factors. This specification allows sufficiently enough factors by introducing
redundant factors. Thus, we have
Yi = IM ⊗ Bi Ληi + i , i ∼ NM T (0, Σ),
where Bi (dt ) = (b(dt )T xi1 , . . . , b(dt )T xiK )T and Bi = (Bi (d1 ), . . . , Bi (dT ))T .

(4)

A Bayesian specification of our model is completed with a multiplicative
gamma process shrinkage prior [12] on Λ and LPP2 priors for the distributions
(m)
of the random effects, {θi }M
m=1 . We specify these priors in details as follows:
Λ = {Λgh }, g = 1, . . . , (K + 1)pM, h = 1, . . . , ∞,
−1
Λgh |φgh , τh ∼ N (0, φ−1
gh τh ), φgh ∼ Ga(v/2, v/2), τh =

h
Y

δl , δ1 ∼ Ga(a1 , 1),

l=1

δl ∼ Ga(a2 , 1), l ≥ 2,
ηi ∼ P, P ∼ LPP2(α, γ, P0 ), P0 : ηi ∼ N∞ (0, ζI∞ ), ζ ∼ Ga(0.5, 0.5)(5)
where δl , l = 1, . . . , ∞, are independent, τh is a global shrinkage parameter for
the hth column, and the φgh s are local shrinkage parameters for the elements in
the hth column. When a2 > 1, the τh s increase stochastically as the column index h increases, which means more shrinkage favored over the columns of higher
indexes. LPP2 denotes a LPP2 prior as detailed below, P0 is a ∞-dimensional
parametric base distribution, and α0 and γ0 are hyperparameters with α0 characterizing concentration around P0 and γ0 determining the overall allocation
weight on the local family. Formally, our SBLFM consists of (4) and (5).
Dunson [11] proposed a LPP2 prior for unknown random effects distributions
to facilitate both global and local clustering of random effects. Considering at
the truncation level h, ηi = (ηi1 , . . . , ηih )T ∼ P with P unknown, i = 1, . . . , n,
LPP2 prior models P as a hybrid mixture distribution:
P =

1
X

(1−z1 ,∞)

X

···

z1 =0 ψ1 =(1−z1 ,1)

1
X

(1−zh ,∞)

X

πψ1 ,...,ψh δΘψ ,

(6)

zh =0 ψh =(1−zh ,1)

where δx denotes a degenerate distribution with all its mass at x, πψ1 ,...,ψh
is the probability of ηi = Θψ having the property that πψ1 ,...,ψh ≥ 0 and
(1−z
(1−z
1
1
1 ,∞)
h ,∞)
P
P
P
P
···
πψ1 ,...,ψh = 1. The indicator zj ∼ Ber(νj ),
z1 =0 ψ1 =(1−z1 ,1)

zh =0 ψh =(1−zh ,1)

j = 1, . . . , h, denotes the allocation to global clustering or local clustering, taking the value of 1 for global clustering and 0 for local clustering, The hybrid atom
Θψ = (Θψ1 ,1 , . . . , Θψh ,h )T is obtained by setting the jth element of Θψ equal to
Θψj ,j with ψj = (1 − zj , φj ) and Θφj ∼ P0 for φj ∈ {1, . . . , ∞}, j = 1, . . . , h,
where P0 is a base distribution.
2.2

Hypothesis Testing

We are interested in making pointwise inference for the covariate effects along
fiber bundle. The local null and alternative hypotheses for the kth covariate effect
on the mth diffusion property specific to a location dt ∈ [0, L] are formulated as:
(m)

(m)

(m)

(m)

H0k (dt ) : β k (dt ) ≤  versus H1k (dt ) : β k (dt ) > ,

(m)

where β k (dt ) represents the mean of the subject-specific random coefficients
for the kth predictor on the mth diffusion property at location dt . The zeroneighborhood size  is chosen as being proportional to the maximum posterior
(m)
standard deviation of the posterior samples of βi,k (dt ) multiplied by 0.05.
The Bayesian decision rule for multiple testing is used to conduct local hypotheses testing [13], [14]. Denote dkt = 1(υkt ≥ r), an indicator of rejecting
H0k (t). We calculate the posterior expected FNR and FDR by
PM PtW
PM R T
(m) (m)
(m) (m)
t=t1 (1 − dkt )υkt T /W
m=1
m=1 0 (1 − dkt )υkt dt
FNR =
,
≈
RT
PM R T (m)
PM PtW (m)
dkt T /W + κ0
M 0 dt − m=1 0 dkt dt + κ0
KT − m=1 t=t
1
PM PtW (m)
PM R T (m)
(m)
(m)
t=t1 dkt (1 − υkt )T /W
m=1
m=1 0 dkt (1 − υkt )dt
F DR =
≈
,
PM R T (m)
PM PtW (m)
m=1 0 dkt dt + κ0
m=1
t=t1 dkt T /W + κ0
where t1 , . . . , tW is a fine grid of points equally spaced along [0, T ] and κ0 is a
small positive constant to avoid a zero denominator. We reject H0k (t) if the posterior alternative hypothesis probability υkt = Pr(H1k (t)|Data) ≥ r for any t ∈
[0, T ], where the common threshold r is determined by r∗ = argmin F N R{r ∈
[0, 1], F DR ≤ αT }, in which αT is a pre-specified significance level.
2.3

Bayesian Confidence Band

We construct a Bayesian simultaneous confidence band for the mean coefficient
curve β k (t), k = 1, . . . , K, from its posterior MCMC samples. Assuming there is
a collection of posterior sampled curves βks = (βks (t1 ), . . . , βks (tL ))T , s = 1, . . . , S
indexing posterior iterations after burn-in, our goal is to compute a simultaneous
confidence band for β k (t). The principle in constructing a Bayesian confidence
band is to search for a region Rα = {Rα (t), t ∈ [0, T ]} such that Pr{β k (t) ∈
Rα (t), t ∈ [0, T ]} = 1 − α, where α is a pre-specified significance level.
The strategy is based on pointwise measures of uncertainty. We compute the
posterior sample average curve β̂k (tl ) and the pointwise α/2 percentile sα/2 (tl )
and 1 − α/2 percentile s1−α/2 (tl ), l = 1, . . . , L. By searching the qbα sample
percentile of maxl=1,...,L

βks (tl ) − β̂k (tl ) s = 1, . . . , S, such that 1 − (bα )L = α,

we obtain the confidence band given by [β̂k (t) − qbα , β̂k (t) + qbα ].
2.4

Cluster Analysis

We derive a posterior cluster analysis procedure on the clustering of the subject
specific latent factors {ηi : i = 1, . . . , n}. Denote og and ol for the number of
global clusters and the number of local clusters respectively at the b iteration in
the Gibbs sampler. The posterior sampling distribution of the number of overall
clusters is collected on ob = og + ol after burn-in. The overall weight allocated
to the local cluster family equals to 1/(1 + γ0 ) according to the specification of
LPP2(α0 , γ0 , P0 ) in [11]. Given the posterior sample average γ̂0 , the proportion
of local clustering posteriori is estimated by 1/(1 + γ̂0 ).

3

Posterior Computation

We develop a Markov chain Monte Carlo (MCMC) algorithm for posterior computation by adapting an efficient exact block Gibbs sampler [15] for Dirichlet
mixture models. This exact block Gibbs sampler combines the advantages of the
retrospective MCMC method [16] and the slice sampling method [17]. It introduces auxiliary variables to avoid truncated approximations. This algorithm is
straightforward to implement and exhibits good performance in convergence and
mixing. For details, please refer to [18].

4

Results

Real Data We examined a total of 128 health full-term infants (75 males and 53
females) from a clinical study designed to investigate early brain development.
The mean gestational age at MR scanning is of 298±17.6 days (range: 262 to 433
days). All images were acquired by a 3T Allegra head only MR system (Siemens
Medical Inc., Erlangen, Germany), with 40 mT/m for the maximal gradient
strength, 400 mT/(m.msec) for the maximal slew rate, and TR/TE=5400/73
msec for a single shot EPI DTI sequence. After DTI estimation, the DTI atlas
building methods ([7]) were used to track major fiber bundles in the atlas space
within 3D Slicer (www.slicer.org). Within the atlas space, each subject’s fiber
bundle data at a given time point was parameterized as a sampled function of
equidistance steps along the fiber. The corresponding sampled functions of the
diffusion quantities such as FA and MD were thus parameterized by arc length
from the atlas fiber tract for each subject using invert of the atlas-building transformation. These sampled functions at each point along the fiber tract were then
used to study the effect of gestational age, gender and other covariates on neural
development.
We analyzed the DTI data sets from two tracts: the right internal capsule
and the splenium capsule of the corpus callosum. The five diffusion properties
fractional anisotropy (FA), λ1 ,λ2 , λ3 , and mean diffusivity (MD) were computed
at each grid point along both fiber tracts from all the 128 infants. We applied
SBLFFM to the joint analysis of FA and MD along the right internal capsule and
the splenium capsule with xi = (Gi , Ai )T , respectively, where Gi and Ai refer
to the gender and gestional age of the i-th infant. The posterior mean effects
and the corrsponding 95% confidence bands for gender and gestational age on
FA and MD are constructed from the posterior sampling distribution of their
sample averages. A local hypothesis testing procedure was carried out to determine where the age and gender effects are significant along both fiber tracts.
The posterior cluster analysis was implemented to describe how many clusters
exist among the 128 infants in terms of the water diffusion properties FA and
MD.
The analysis results for the right internal capsule are displayed in Fig. 2
(a)-(d). The posterior estimation for the growth effects of gestational age on

FA and MD are given in Fig. 2 (a)-(b) for the posterior mean effects and the
corresponding 95% confidence bands. The local hypothesis testing results (Fig.
2 (c)) show that the developmental changes of the degrees of both fractional
anisotropy and mean diffusitiy corresponding to gestational age are uniformly
significant along the right internal tract. The posterior sampling distribution of
the number of clusters among the 128 infants is given in Fig. 2 (d). The posterior
mean estimate of the proportion of local clustering is 0.024.
Similarly, the analysis results for the splenium tract are summarized in Fig.
2 (e)-(h). Fig. 2 (e)-(f) displays the posterior mean effects and the corresponding
95% confidence bands for the developmental pattern in FA and MD. Fig. 2 (g)
indicates that there is a uniformly significant change along the splenium tract
for the developmental change of the degree of fractional anisotropy, while locally
significant changes along the tract for that of the degree of mean diffusivity. Fig.
2 (h) gives the posterior sampling distribution of the number of clusters among
the 128 infants in terms of FA and MD in the splenium tract, with 0.022 for the
posterior mean proportion of local clustering.
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Fig. 2. Results from a clinic study of early brain development in infants: panels (a)(d) for the right internal capsule: (a)-(b) the posterior mean (—) and 95% confidence
interval (- - -) estimation of the effects of gestional age on the diffusion properties
(m)
FA (a) and MD (b) panels, (c) Posterior probability Pr(H1 (dt )|Data) (-•-) and the
threshold line (- - -) for the effects of gestional age on FA and MD along the right
internal capsule, (d) the posterior distribution of number of clusters; (e)-(h) for the
splenium capsule: in a similar displaying sequence as to panels (a)-(d).
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Abstract. This paper presents a method for automatic segmentation of
known deep white matter fiber bundles from massive dMRI tractography datasets. The method is based on a multi-subject bundle atlas derived from a two-level intra-subject and inter-subject clustering strategy.
Each atlas bundle corresponds to several inter-subject clusters labeled
by a neuroanatomist to account for subdivisions of the underlying pathway often presenting large variability across subjects. An atlas bundle is
represented by the multi-subject list of the centroids of all intra-subject
clusters in order to get a good sampling of the shape and localization
variability. An atlas of 36 bundles is inferred from a first database of 12
brains, and used to segment successfully the same bundles in a second
database of 8 brains.

1

Introduction

Diffusion MRI allows noninvasive study of brain white matter (WM) structure
through the measurement of the restricted diffusion of water. The fiber orientation can be inferred from this data and fiber bundles can be reconstructed
using tractography algorithms [1]. The continuous improvement of DW-MRI
acquisition schemes, diffusion models and tractography algorithms leads to increasingly complex and large tractography datasets. Unlike a simplistic bundle
model, where known WM tracts are represented by a relatively small number
of fibers with the same shape, current tractography datasets reconstruct WM
tracts represented by thousands of fibers, composed by various fiber fascicles
of different shapes and lengths. Literature presents several examples of decomposition of major WM tracts [2], for instance the arcuate fasciculus [3]. The
segmentation of WM fiber bundles is therefore a complex and not completely
solved problem.
The usual strategies proposed for the segmentation of fiber bundles follow
two complementary ideas. The first approach is based on regions of interest

(ROI) used to select or exclude tracts [4, 5]. The second strategy is based on
tract clustering using pairwise similarity measures [6, 7]. This last approach requires less interaction than manual approaches and integrates fiber shape and
position information in the analysis, which is not the case of most ROI-based
segmentation approaches. It can also embed a priori knowledge represented by a
bundle template [8]. However, the clustering-based methods commonly present
a limitation on the number of fibers that can be analyzed. In spite of two recent
works that describe the analysis of huge datasets (120,000 [9] and 480,000 fibers
[10]), the segmentation of huge tractography datasets, presenting more than one
million tracts, is still a challenge.
Hence, this paper presents a method for the automatic segmentation of known
deep WM fiber bundles from massive tractography datasets using a priori information embedded in a multi-subject (MS) fiber bundle atlas. Some of the atlas
bundles are hierarchically subdivided into several fascicles to take into account
subdivisions of the WM tracts described in the literature. The method builds
upon a multiresolution intra-subject clustering that can compress millions of
tracts into a few thousand consistent bundles, described in [11]. A second level
of clustering is performed across subjects in order to infer a list of generic bundles with consistent shape and localization in a normalized space [12]. The intersubject (IS) clusters computed from a database of 12 brains have been manually
labeled by a neuroanatomist in order to build the atlas. An atlas bundle can
correspond to several IS clusters to account for subdivisions of the underlying
pathway often presenting large variability across subjects. This MS strategy,
embedding the shape and localization variability, has been shown recently to be
more efficient than the usual single template approach for brain structure recognition because of weaknesses of the spatial normalization paradigm [13]. New
tractography datasets are first compressed with the same intra-subject clustering. The resulting clusters are then labeled using pairwise distances to the
centroids representing the MS atlas bundles.

2
2.1

Material and Method
Diffusion and tractography datasets

The atlas was constructed from 12 subjects of a HARDI adult database (DB1).
This database provides high quality T1-weighted images and diffusion-weighted
(DW) data acquired with a GE Healthcare Signa 1.5 T Excite scanner. The diffusion data presents a high angular resolution (HARDI) based on 200 directions
and a b-value of 3000 s/mm2 (voxel size of 1.875 x 1.875 x 2 mm).
Eight subjects of another adult HARDI database (DB2), were used to test the
segmentation method. This database provides high quality T1-weighted images
and DW data acquired with a Siemens 3.0 T Tim Trio system. The DW data is
based on 41 directions and a b-value of 1000 s/mm2 (voxel size of 2 x 2 x 2 mm).
DW data were acquired using a twice refocusing spin echo technique compensating Eddy currents to the first order. Geometrical distortions linked to

susceptibility artifacts were corrected using a phase map acquisition. T1 and
DW data were automatically realigned using a rigid 3D transform. The diffusion
Orientation Distribution Function (ODF) was reconstructed in each voxel. For
subjects from DB1, a spherical deconvolution (SD) of the fiber ODF was used.
It is a SD transform reconstructed from q-ball imaging with a constrained regularization [14], using a maximum spherical harmonic order SHmax = 8 and a
Laplace-Beltrami regularization factor λLB = 0.006. For subjects from DB2, an
analytical solution of the q-ball model was determined [15], using a SHmax = 6
and a λLB = 0.006. Whole-brain tractography was performed using an improved
tractography propagation mask (using T1 data rather than FA) and a regularized deterministic tractography algorithm. Tractography was initiated from two
seeds in each voxel of the mask (with T1 resolution), in both retrograde and
anterograde directions, according to the maximal direction of the underlying
ODF. Tracking parameters included a maximum curvature angle of 30◦ and a
minimum and maximum fiber length of 20 mm and 250 mm, respectively, leading
to a set of about 1.5 millions tracts per subject.
2.2

HARDI multi-subject fiber bundle atlas

The two-level clustering was performed using the method described in [12] applied on database DB1, with some improvements. First, intra-subject clustering
[11] was applied to each dataset. This intra-subject clustering reduces the
tractography dataset information from more than one million of tracts to a few
thousand fiber bundles. The obtained bundles are thin and regular fiber fascicles
composed by fibers presenting similar length and shape. In addition, during the
analysis most of noise fibers are discarded, leading to a cleaner fiber dataset. Due
to its regular shape, each resulting fiber bundle can be represented by a single
fiber, called a bundle centroid. This compressed representation of a tractography dataset allows the application of further processing steps that could not be
applied to the whole fiber dataset. In order to get a good representation of the
thalamic radiations in the atlas, an additional step uses a mask of the thalami,
described in [16], for cutting the fibers passing through these structures.
The second clustering level aimed at matching the putative bundles produced
by the previous level across the population of subjects. In this inter-subject
clustering, fiber centroids from all the subjects were aligned by an affine transformation to the Talairach space (TS), estimated from the T1-weighted image.
Then, the centroids were clustered using pairwise distance measures [17] in order
to match bundles with similar shapes and positions in TS. In order to get population representative clusters, only clusters composed by centroids from at least
half of the subjects were selected. These inter-subject clusters were manually
labeled in order to identify known WM tracts. Each atlas bundle is then represented by the complete set of individual centroids belonging to the underlying
intra-subject clusters. A last visual inspection led to discard a few artefactual
centroids clearly including spurious parts like loops.
The resulting multi-subject representation provides a good sampling of the
inter-subject variability of the bundle trajectory after affine normalization. The

Fig. 1. The HARDI multi-subject fiber bundle atlas. All the bundles (4189
centroids): right (A), top (B) and front (C) views. D: Interior views of left fornix
(black), uncinate (cyan), inferior fronto-occipital (violet), inferior longitudinal (purple) and corticospinal (orange) tracts. E: Exterior view of the corpus callosum tracts:
rostrum (fucshia), genu (dark blue), body (dark green) and splenium (dark brown).
F: Exterior view of the left arcuate fasciculus segments: direct (red), anterior (green)
and posterior (yellow). G: Interior view of the left cingulum fascicles: long cingulate
(brown), shorts cingulate (light green) and temporal (blue). H: Exterior view of the
left thalamic radiations: anterior (gray), superior motor (teal), superior parietal (pink),
posterior (light blue) and inferior (ocre).

atlas inference was done for the bundles of the left hemisphere (LH) and the
corpus callosum. The bundles of the right hemisphere were obtained using the
symmetric of those of the LH with respect to Talairach inter-hemispheric plane.
The goal is to get a symmetric atlas for the validation described in this paper.
Ongoing work aims at performing the same inference for the right hemisphere
in order to remove any bias. The current atlas includes a total of 36 bundles,
composed by 11 WM tracts in each hemisphere (arcuate (AR), inferior longitudinal (IL), inferior fronto-occipital (IFO), uncinate (UN), cingulum (CG),
corticospinal (CST), fornix and the thalamic radiations (TR)), and the corpus
callosum (CC). Each tract is divided into a few fascicles: AR (3 fascicles), CG
(3 fascicles), TR (5 tracts) and CC (4 tracts); see details in Fig. 1.

2.3

WM tracts segmentation

The segmentation of a new tractography dataset begins with a compression into
a few thousand bundles equivalent to the compression used during the atlas
inference, described in [11]. Then, the resulting bundles are labeled using a supervised classification based on the fiber bundle atlas. The bundle centroids are
normalized to the TS using an affine transformation. Then pairwise distances
are computed between each centroid of the new subject and all the centroids of
the atlas. The distance measure used is the maximum of the Euclidean distances
between corresponding points (dM), defined, for two fibers A and B as


dM (A, B) = min max k ai − bi k, max k ai − bNp −i k ,
i

i

(1)

where ai and bi are the position of the points of fibers A and B respectively, for
i = 0..Np −1. This distance is a good representation of the similarity between two
fibers, as it takes into account the fiber positions and shapes. It is more restrictive
than distances based on the closest points [17, 6]. For the calculation, the atlas
fibers and the individual centroids are resampled using 21 equally distributed
points. The whole set of pairwise distances is obtained in a few minutes.
Each individual centroid is labeled by the closest atlas bundle, provided that
the distance to this bundle, namely the smallest pairwise distance to the centroids
representing this bundle, is lower than a threshold. This threshold is adapted
to each atlas bundle using a leave one out strategy: for each atlas bundle, the
threshold is the minimum value allowing the labeling of all the centroids of each
subject considering the atlas made up by the eleven other subjects. This leave
one out point of view leads to define each atlas bundle specific threshold as
the maximum of the minimum distance from one centroid of this bundle to all
centroids of the same bundle belonging to the other subjects. One may expect
that increasing the size of the database used to infer the atlas will improve the
sampling of the bundle variability, which will decrease the thresholds used to
catch the same bundle in unknown subjects.

3

Results

A general problem for evaluating WM bundle segmentation is the lack of gold
standard. Considering the way we defined the atlas and the thresholds, it is not
surprising that a leave one out strategy applied to DB1 leads to successful results.
Therefore we evaluate our approach using a second database. The results are
presented in Fig. 2. Bundles are colored following the colors of the atlas (Fig. 1).
All the atlas bundles were found in all the subjects with the exception of the
fornix and the longest subdivision of the right arcuate fasciculus (AR R). The
segmentations were validated by the expert who defined the atlas. The problem
with the fornix was usually related to a common error in the tractography mask
induced by the small diameter of this tract. The AR R problem could be related
to the symmetrization of our atlas that can not correctly account for asymmetry
of this tract related to language. However, exploring the tractography dataset
further with a ROI-based strategy to select fiber tracts, we did not manage to
segment this tract in the brains where our atlas-based strategy failed. What
could happen is that when the right AF is not large enough, the current spatial
resolution of diffusion data is not sufficient with a deterministic tracking strategy.
Indeed several studies have shown large asymmetry of the size of the AF related
to asymmetry of the language system [18]. To get an insight of the quality of
the results, the bundles were visually compared with those obtained using larger
distance thresholds. It was found that the estimated thresholds were close to
optimal for all the bundles.
A comparison was also done with a well known method proposed by [5]. For
that, we determined the fibers segmented by both methods, and those segmented
only by one of the methods. The common fibers seem to be well segmented
by both methods, following the definition of each bundle (see [4]). But, when
analyzing the fibers segmented only by one of the methods, our results seem to be
better for the tested database. For most bundles, we noted that the ROI-based
approach is missing some tracts perfectly fitting the definition and the shape
of the bundle, but located at the bundle periphery. This weakness is probably
induced by non perfect registration. We also noted that the ROI-based strategy
selects spurious fibers with weird trajectory because fiber shape is not considered.
Some examples are given in Fig. 3 (A). To confirm this behaviour, we calculated
the mean distance (see eq. 1) between the fibers segmented by each method and
the closest fiber segmented by both methods, for all the subjects (see Fig. 3 (B)).
This analysis was performed for the fiber bundles segmented by both methods
and which presented similar definitions. All the distances were found to be bigger
for the ROI-based method, confirming that, in general, our method detects a non
negligible amount of fibers with a strong probability to belong to the bundle that
are missed by the ROI-based method, and that the fibers not detected by our
method are quite different from the bundle shape.

Fig. 2. Automatic fiber bundle segmentation results. Colors are the same as
for the bundle atlas (Fig. 1). A: all the bundles for the eight subjects (front view).
Following results are only shown for four subjects. B: left thalamic radiations (exterior
view). C: left cingulum and fornix (exterior view). D: left and right inferior frontooccipital, inferior longitudinal and uncinate (oblique view from left anterior angle). E:
left arcuate fasciculus (exterior view).

4

Discussion and Conclusion

Our results depend strongly on the quality of the tractography results: bundles
that are not tracked in individuals can not be segmented. Therefore, a future
research program could be the use of the atlas to add a priori knowledge in the
tractography algorithm. Nevertheless, the current method is already successful
for the major tracts of deep WM. Thanks to the use a novel multi-subject repre-

Fig. 3. A comparison between the results obtained by our method and a
ROI-based approach. Bundle abbreviations are those indicated in section 2.2, with
an added ”R” or ”L”, indicating the left or right side, respectively. A: Examples for
some bundles. Bundles segmented by both methods (red), only by our method (blue),
and only by the ROI-based approach (green) are shown. B: Plot of the mean distances
(in mm) between the fibers segmented by each method and the closest fiber segmented
by both methods, for all the subjects.

sentation of bundles and shape information, the bundles are cleaner than when
using a ROI-based strategy, which may improve the sensitivity of morphometric
studies. Furthermore, this new atlas and the possibility to manipulate massive
tractography datasets allow fine decompositions of the bundles, for instance the
arcuate fasciculus and the cingulum. The cingulum is a good example of what a
clustering-based method using a restrictive distance measure and a bundle atlas
can do. This bundle is composed by fibers of different lengths, including a big
number of short U-shaped fibers [4]. Some methods extract only the long fibers
[9], other methods extract the long and the short fibers together [5, 10]. Our
method is the first to extract separately the long and the short fibers. The same
principle was applied to the arcuate fasciculus, which was divided into one long
and two short segments, as described by [3]. Our atlas is bound to be refined
with more such subdivisions in the near future.
The results presented in this paper show that our multi-subject representation of the variability of bundles, combined with a robust affine normalization
is sufficient to get systematic recognition of the large bundles of white matter.
In our opinion, our approach including parsimony relative to atlas registration
is more robust than approaches requiring risky non-linear normalization. Neverthless, the inclusion of better normalization could allow a better sampling of

the bundle variability with a smaller number of brains. However, the anatomical variability of tract subdivisions could impose a minimum number of brains
whatever the efficiency of the normalization strategy.
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Abstract. In this study, fast and clinically feasible model-based bootstrapping algorithms using a geometrically constrained two-tensor diffusion model are employed for estimating uncertainty in fibre-orientation.
Voxels are classified based on tensor morphologies before applying single or two-tensor model-based bootstrapping algorithms. Classification
of tensor morphologies allows the tensor morphology to be considered
when selecting the most appropriate bootstrap procedure. A constrained
two-tensor model approach can greatly reduce data acquisition and computational times for whole bootstrap data volume generation compared
to other multi-fibre model techniques, facilitating widespread clinical use.
For comparison, we propose a new repetition-bootstrap algorithm based
on classified voxels and the constrained two-tensor model. Tractography
with these bootstrapping algorithms is also developed to estimate the
connection probabilities between brain regions, especially regions with
complex fibre configurations. Experimental results on a hardware phantom and human brain data demonstrate the superior performance of our
algorithms compared to conventional approaches.

1

Introduction

Bootstrapping of repeated diffusion weighted MRI (DW-MRI) data sets allows
non-parametric estimation of uncertainty in the inferred fibre orientation [1].
Model-based bootstrap methods (wild bootstrapping [2] and residual bootstrapping [3]) using a single-data set have been presented as an alternative to repetition bootstrapping. Generally, the single diffusion tensor model does not correctly express the microstructure in voxels that contain more than one fibre
orientation. Model-based and repetition-bootstrapping fibre tracking methods
using DTI can fail when fibre tracts pass through voxels containing complex
configurations [4]. These configurations are often characterised by disk-shaped
(planar) forms of the tensor. The development of new models based on HARDI
seeks to provide solutions to this problem [5-7]. HARDI-based methods, including multi-tensor models [5] and Q-ball imaging [6], require longer acquisition
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times than conventional DTI and are generally not suitable for clinical applications. The high b values utilised in some cases increase sensitivity to subject
motion, which is also undesirable for a clinical setting. Constrained spherical
deconvolution [7] has shown good results when applied to relatively low angular
resolution DW data, however, only orientational information can be obtained
with this method. To solve some of the above problems, a geometrically constrained two-tensor model for resolving fibre crossings was introduced in [8].
This model adopts the parameters from the single-tensor model and effectively
resolves two distinct tract directions within voxels. As a result, there is a considerable reduction in the required MRI acquisition time and computational time
for the whole bootstrap data volume generation, compared with other multi-fibre
approaches.
More than a third of voxels in human white matter contain crossing fibre
bundles at the current resolution of DWMRI, and these voxels challenge statistical models for tensor estimation and fibre tracking. Therefore, developing
a proper bootstrap method for estimating fibre orientation in these voxels is
important. Yuan et al. [4] showed that repetition and wild bootstrapping may
fail to quantify the uncertainties in DTI derived parameters in oblate voxels.
Therefore, to use bootstrap methods correctly, the morphology of a tensor must
be known. The validity of model-based bootstrapping strongly depends on the
correct specification of the fitted model used to estimate tensors. This raises concerns about the validity of bootstrapping those fibre pathways that pass through
voxels containing different tensor morphologies. Our solution is to classify tensor
morphologies before the application of bootstrap algorithms, which allows the
use of appropriate tensor morphologies.
In this work, fast and clinically feasible wild and residual bootstrapping algorithms for estimating uncertainty in fibre-orientation are presented based on a
geometrically constrained two-tensor diffusion model. Voxels are classified based
on tensor morphologies before applying single or two-tensor model-based bootstrapping algorithms. Probabilistic fibre tractography with these bootstrapping
algorithms is also developed to estimate connection probabilities between brain
regions, especially regions with complex fibre configurations. We evaluate the
tracking algorithm quantitatively using a hardware phantom and human in vivo
data. For comparison, a new constrained two-tensor repetition bootstrapping
algorithm is developed based on the same morphology classification approach as
used for model-based bootstrapping. This study is also motivated by the goal of
comparing our tracking algorithms to state-of-the-art single-tensor model-based
bootstrapping.

2

Two-Tensor Model-Based Bootstrapping Algorithms

The two-tensor model-based algorithms used in this study are illustrated by
Fig.1. The details of the individual steps are as follows.
Step 1- Data Acquisition and Initial Tensor Fitting. Intensities of the
measured diffusion-weighted signals are quantified for a single-tensor model by:
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Acquire One Complete DW-Data Volume
For each Voxel
Single-Tensor Estimation
D̂ = (X T X)−1 X T Y

Extract DTI Parameters
(λ1 , λ2 , λ3 ) and (e1 , e2 , e3 )

Compute the
residual vector
 = Y − X D̂.

no

Appropriate
to two-tensor
fit?

yes

Constrained Two-Tensor Estimation
T
T
E(qi ) = f e−bg̃i DA g̃i +(1−f )e−bg̃i DB g̃i
Compute the residual vector i = E(qi ) − Ê(qi )

If Wild Bootstrap
 × f where f =1or-1
∗
1

∗
2

MBB Set 1
Y1∗ = X D̂ + ∗
1
Tensor D1∗

If Wild Bootstrap
 × f where f =1or-1
∗
n

∗
1

∗
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∗
E(qi )∗
1 = Ê(qi ) + 1
∗
∗
Tensor DA,1
, DB,1

MBB Set n
Yn∗ = X D̂ + ∗
n
∗
Tensor Dn

∗
n

MBB Set n
∗
E(qi )∗
n = Ê(qi ) + n
∗
∗
Tensor DA,n
, DB,n

Fig. 1. Two-tensor model-based bootstrap algorithms on classified tensor morphologies.

T

Si = S0 e−bgi

Dgi

,

i = 1, 2, ..., N.

(1)

where Si and S0 are the signal intensities with and without diffusion weighting,
b is the diffusion weighting factor, g the unit vector of the gradient direction,
N the total number of experiments and D the diffusion tensor. Applying a logtransformation to Eq(1), the estimation of D becomes a well-known multiple
linear regression form:
Yi = (XD)i + i ,

i = 1, 2, ..., N,

(2)

where X is a design matrix of different diffusion gradient directions, (XD)i is the
product of the ith row of X and D, and i is a random sample from the residuals
of the original regression model. To estimate the tensor D, the model-equation
is solved by the linear least squares (LLS) method:
D̂ = (X T X)−1 X T Y

(3)
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The residuals from the LLS fit used to generate the residual-bootstrap samples
in Step 4 are calculated from:
 = Y − X D̂

(4)

Step 2- Classifying Tensor Morphology. The three types of degenerate
tensors are isotropic (λ1 = λ2 = λ3 > 0), oblate (λ1 = λ2 > λ3 > 0), or prolate
(λ1 > λ2 = λ3 > 0) where λi (i = 1, 2, 3) are the three eigenvalues of the tensor
D̂. To classify tensor morphologies (TM), we developed an algorithm based on
three equalities described by Zhu et al. [9], where the algorithm sequentially
checks whether each voxel in the image is isotropic (I), oblate (O), or prolate
(P). This classifying algorithm uses a threshold αi (i = 1−4), as described below.
For each voxel Vi
{ IF |λ1 − λ3 | < α1 THEN T M (Vi ) = I
ELSE IF |λ1 − λ2 | < α2
THEN IF |λ2 − λ3 | < α3 THEN T M (Vi ) = I
ELSE T M (Vi ) = O
ELSE IF |λ2 − λ3 | < α4 THEN T M (Vi ) = P
ELSE T M (Vi ) = I }
We use three invariants to characterise the shape of the tensor ellipsoids proposed by Westin et al. [10] to compare our classification algorithm. Westin et al.
[10] defined three measures which describe how similar the diffusion ellipsoid is
to the linear (cl); planar (cp); and spherical (cs) case respectively. Two-tensor
model-based algorithms were applied to oblate (T M (Vi ) = O) voxels and singletensor model-based algorithms to the other voxels, because only planar voxels
are amenable to two-tensor fitting.
Step 3- Constrained Two-Tensor Model Estimation. In this study, we
focused on a mixture of white matter bundles, where the diffusion-weighted
signals come from two compartments [5] described as
T

Si = S0 f e−bgi

DA gi

T

+ S0 (1 − f )e−bgi

DB gi

i = 1, 2, ..., N

(5)

where DA and DB represent the tensor from each compartment, and f and
(1 − f ) are the signal fractions from DA and DB .
Unlike the problem of estimating a single tensor, the equations here are nonlinear. The problem of estimating two tensors becomes one of 3D Gaussian
mixture modelling from samples determined by the diffusion gradient vector
sampling. Given the convergence issues associated with such methods and their
generally high computational burden, another more stable strategy is needed to
solve this problem in practice. A geometrically constrained two-tensor model [8]
is used to find the two diffusion tensors and reduce the number of degrees of
freedom in the original multi-tensor model [5]. This model assumes that both
fibre tracts are constrained in the plane spanned by the first two eigenvectors e1
and e2 from the single-tensor fit.
Given the above constraint, two tensors DA and DB are described as follows:
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da1 da3 0
DA =  da3 da2 0  ,
0 0 λ3
where
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db1 db3 0
DB =  db3 db2 0 
0 0 λ3

dp1 = cos2 λ1 ϕp λ1 + sin2 ϕp λ3 ,
dp2 = sin2 ϕp λ1 + cos2 ϕp λ3
dp3 = cosϕp sinϕp (λ1 − λ3 )

p ∈ a, b

With the single-tensor fit determining the orientation of 3 and the minor eigenvalue λ3 , the remaining free parameters are: ϕa and ϕb , the angles subtended in
the plane by the two principal directions, and λ1 the principal diffusivity which
is assumed to be same for both fibre tracts. The gradient vectors are transformed
into 2-D coordinate system; g → g̃.
T

E(qi ) = Si /S0 = f e−bg̃i

DA g̃i

T

+ (1 − f )e−bg̃i

DB g̃i

The equation becomes a system of non-linear equations and minimises to
X
(Ê(qi ) − E(qi ))2

(6)

(7)

i

which gives the estimated tensor elements D̂A , D̂B and the fraction fˆ. The
Levenberg-Marquardt optimisation algorithm is used to estimate non-linear equations. In each gradient direction i(i = 1, ..., N ), a residual i is calculated according to
i = E(qi ) − Ê(qi )
(8)
Step 4- Model-based Bootstrap (MBB) Sample Generation. The residual vector  from the single-tensor fit (Eq(4)) or two-tensor fit (Eq(8)) used to
generate the MBB samples. In order to resample the errors, the wild bootstrapping approach assumes symmetry in the distribution of residuals for a given
data point, and a residual value, ∗j , was randomly chosen and multiplied by -1
or 1 (p=0.5) with replacement from the set of all residuals . The residual bootstrapping approach assumes that all residuals have similar distributions and a
residual value ∗j is randomly chosen among the set of all residuals . Model-based
resampling is then performed to construct many data sets, Y ∗ or E(qi )∗ :
Yj∗ = X D̂ + ∗j
E(qi )∗j = Ê(qi ) + ∗j

for voxels with single tensor
for voxels with two tensors

∗
∗
and DB
from Y ∗
Resampling ∗ = [∗1 , ∗2 , ..., ∗N ] and estimating D∗ or DA
∗
or E(qi ) repeated for a fixed large number n to acquire n independent MBB
samples.

Step 5- Probabilistic Fibre Tractography. Having generated n tensor volumes, a 4th order Runge-Kutta tracking algorithm was used to propagate streamlines bidirectionally from seed points. The algorithm was repeated for n volumes
to generate n tracts for each seed point. Every voxel in a volume contains either 1 (single tensor) or 2 principal eigenvectors (two tensors) as appropriate for
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the tensor morphology of the particular voxel. If the seed point voxel has two
tensors then two separate trajectories are generated from the seed point using
two fibre orientations. The deterministic tracking algorithm then propagates the
trajectories to the next position. If the next position contains two fibre orientations, the two principal eigenvectors are compared to determine which if either
of the trajectories should be followed. We choose the fibre orientation which has
the smallest angular difference to the principal eigenvector calculated from the
previous position.

3

Methodology

Phantom Data: 3T DW-data were acquired from a physical phantom [11] with
3 × 3 × 3 mm3 voxel resolution, b = 1500 s/mm2 and 64 diffusion directions.
The images were used as the basis of the 2009 MICCAI Fiber Cup competition.
In Vivo Data: 3T DTI data were obtained on a healthy volunteer with 2 ×
2 × 2 mm3 voxel resolution using 32 diffusion-encoding gradient directions and
b = 1300 s/mm2 . The acquisition was repeated 8 times for repetition-bootstrap
analysis. The diffusion-weighted images were first corrected for bulk motion and
eddy current distortions.
Two-Tensor Model-based Bootstrapping: We applied the model-based bootstrap algorithms, to the phantom data and the first of the eight repeated in vivo
diffusion-weighted datasets, described above, and generated 1000 MBB volumes.
The voxels were classified based on the classification algorithm before applying
single-tensor and two-tensor model-based bootstrapping algorithms. The probabilistic tractography was then applied to the MBB volumes of phantom-data
from 4 pre-defined seed positions; the actual fibre structure from the seed position passing through the different complex fibre configurations as illustrated in
Fig. 2(a). Fibre tracks were generated from user-defined regions in in vivo data
based on prior anatomical knowledge to delineate the corpus callosum (CC),
superior longitudinal fasciculus (SLF) and corticospinal tract (CST). A comparison of the results of our method with that of the single-tensor residual and wild
bootstrapping methods applied using the same starting points to extract the
same fibre structures in the phantom and in vivo are presented.
Performance Analysis: The phantom data was used to test the performance
of the single and two-tensor model-based bootstrap probabilistic tracking algorithms. Performance measures were calculated as the error (ξ) in tract estimation, which is a function of distance d from the seed point. The distance di at
point (xi , yi , zi ), is the cumulative total of all Euclidian distances of neighbouring points along the curve up to (xi , yi , zi ) from the seed point. The positive
and negative distances are defined by the two directions of the curve from a seed
point (Fig. 2(a)). The error ξ at distance di is defined as the Euclidian distance
between the ground-truth curve point at di and the resultant curve point at di
from the seed point. The overall range of d is defined as the maximum d at both
ends of the ground-truth curve. The ground truth curves and the curves of the
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Fig. 2. Phantom Data Results (a) Ground truth and selected crossing regions (in red
circles) and a branching region (in the yellow rectangle) (b) Single-tensor estimation
(c) Classification using Westin measures (linear (+), planar(*) or spherical (o) shape)
(d) Classification algorithm and (e) Constrained two-tensor model estimation.

four probabilistic methods, described above, from the 4 seed points of the phantom data were assessed. From the 1000 probabilistic curves, average error values
were computed for each method and for each seed point at 10 mm distances.
Two-Tensor Repetition Bootstrapping: Repetition bootstrap methods were
used to randomly generate samples for every voxel in each diffusion-encoded image of the in vivo data. In each iteration 5 samples were randomly sampled with
replacement from the 8 data acquisitions. The signal for each voxel was calculated
as the average of the 5 selected samples. This procedure was repeated for each
voxel and diffusion-encoded dataset. The resulting data is one volume bootstrap
sample. Single or constrained two-tensor models according to the morphology of
the voxels, were fitted to the bootstrap data to estimate diffusion tensors for each
voxel. A complete bootstrap tractography dataset was obtained by iteratively
running the random sampling method 1000 times to generate multiple volume
bootstrap data. Fibre tracts were generated using the same region and tracking
threshold as the model-based bootstrap tracking.

4

Results and Discussion

Phantom Data: Fig. 2 shows the ground truth of the phantom, complex regions
and Westin measures and our classification algorithm results. There was no ma-
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A

B

C

D

Fig. 3. Tracking results from 4 seed points (illustrated in the red square) A, B, C and D.
(a) Residual bootstrap results: Single-tensor (green) and Two-tensor (yellow) (b) Wild
bootstrap results: Single-tensor (blue) and Two-tensor (salmon) (c) Probability map of
single-tensor residual bootstrap (d) Probability map of two-tensor residual bootstrap.

jor difference between the two methods except our algorithms (αi = 14 × 10−8 )
identified more isotropic and planar voxels in the expected regions.
Tracking results in the phantom data (Fig. 3) show performance differences
in the bootstrap tractography methods. The results of two-tensor model-based
tracking are consistent with the ground truth and are able to solve the complex configurations and track properly. In Fig. 3A, ideally, one would expect the
tractography trajectories starting from the seed point to cross regions 1 and 3;
instead as they enter the fibre crossing region the fibre tracts diverge in the wrong
direction. But Fig. 3A (d) shows that the trajectories correctly cross the region
and tracts are similar to the expected ground truth. In Fig. 3B, the seed point
selected as a target shows the branching ability of the two-tensor model-based
bootstrapping algorithm. The estimated pathways of single-tensor model-based
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Fig. 4. Comparison of the four probabilistic tracking algorithms (single-tensor residual
(SR) and wild (SW) and two-tensor residual (TR) and wild (TW)) from four seed
points A, B,C and D with the average error (in mm) at different distances from the
seed point.

bootstrapping (Fig. 3B (c)) have leaked and are dispersed, which makes the main
pathway of connectivity more difficult to comprehend. Fig. 3C (d) and Fig. 3D
(d) illustrate the connection probability map resulting from probabilistic tractography using two-tensor residual bootstrap tractography. The tractography
correctly follows the fibre direction through the fibre-crossing regions: Region 1
(Fig. 3C (d)) and Region 2 (Fig. 3D (d)), but not for the results of single-tensor
residual bootstrap tractography.
Performance Analysis: Consider the plots of average error at different distances from the 4 seed points (Fig. 4). Generally, the error increases with distance from the seed point for all four methods. There is not a large difference
between the residual and wild bootstrap tracking methods for either the single
or two-tensor cases and it is difficult to claim that a particular method generates
a higher or lower error. However, the residual bootstrap is generally consistently
better than the wild bootstrap, especially in complex regions. Fig 4 shows that
single-tensor bootstrapping errors largely increase with distance compared with
two-tensor bootstrapping errors after the tracts enter crossing regions (Region
1 ,2, and 3) in all cases, because single-tensor fibre tracts diverge in the wrong
direction (Fig. 3A,C and D) in these regions.
In Vivo Data: Figs 5-7 show individual probabilistic fibre trajectories in the
region with complex fibre architecture. The seed points were placed at the centre
of three well known fibre tracts; the CC, the SLF and the CST and all five
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Fig. 5. The tracking results of CC (a) Single-tensor residual bootstrap (b) Single-tensor
wild bootstrap (c) Two-tensor residual bootstrap (d) Two-tensor wild bootstrap (e)
Two-tensor repetition bootstrap.

Fig. 6. The tracking results of SLF (a) Single-tensor residual bootstrap (b) Singletensor wild bootstrap (c) Two-tensor residual bootstrap (d) Two-tensor wild bootstrap
(e) Two-tensor repetition bootstrap.

tractography methods (Single-tensor residual (a) and wild (b) and two-tensor
residual (c), wild (d) and repetition (e)) were initiated from these seed points.
Fig. 5 shows that the five bootstrap tractography methods are able to reconstruct the CC. Two-tensor bootstrap fibre tracking techniques were able to more
accurately delineate the callosal radiation than single-tensor bootstrap tractography. The two-tensor model-based bootstrap tractography methods were able
to traverse regions of crossing fibres and connectivity observed throughout the
lateral frontal and parietal lobes while single-tensor tracts only showed connectivity between the left and right superior frontal gyri of both hemispheres.
Fig. 6 shows that two-tensor bootstraps are able to reconstruct a well defined tract through the SLF. Two-tensor bootstrap tractography shows more
white matter connections passing through the seed point, demonstrating not
only central parts of the SLF, but also fibres reaching more distally, as well as
links and projections to parts of the inferior longitudinal fascicle, cingulum and
links between subcortical areas with a much higher degree of dispersion, not
observed for both single-tensor cases.
Fig. 7 shows that bootstrap tractography is able to reconstruct the CST from
the cortex to the spinal cord from a seed point placed in the internal capsule.
Both single-tensor results indicate that a number of streamlines erroneously cross
and project into the contralateral hemisphere. Looking at the two-tensor tractography results there is generally a much higher degree of dispersion. Two-tensor
residual, wild and repetition bootstrap produced very similar reconstructions of
all three tracts and higher fibre dispersion values were observed compared to
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single-tensor bootstrapping results, especially as the tracts move further from
the seed point.
In summary, based on our experimental evaluations, the advantages of the
proposed two-tensor model-based bootstrap algorithms are threefold. First, we
can use data which is routinely available from clinical scans to implement this approach and unlike previous bootstrap methods with other multi-fibre modalities
our algorithms show improved computational efficiency, making them clinically
feasible. Secondly, our bootstrap algorithms are implemented on appropriate
tensor morphology voxels to increase the validity of the probabilistic bootstrap
distribution. Thirdly, our algorithms can accurately reconstruct fibre paths and
are also able to recover complex fibre configurations.

Fig. 7. The tracking results of CST (a) Single-tensor residual bootstrap (b) Singletensor wild bootstrap (c) Two-tensor residual bootstrap (d) Two-tensor wild bootstrap
(e) Two-tensor repetition bootstrap.
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Abstract. Recent advances in diffusion MRI make use of the diffusion
signal sampled on the whole Q-space, rather than on a single sphere.
While much effort has been done to design uniform sampling schemes
for single shell experiment, it is yet not clear how to build a strategy to
sample the diffusion signal in the whole Fourier domain. In this article,
we propose a method to generate acquisition schemes for multiple Qshells experiment in diffusion MRI. The acquisition protocols we design
are incremental, which means they remain approximately optimal when
truncated before the acquisition is complete. Our method is fast, incremental, and we can generate diffusion gradients schemes for any number
of acquisitions, any number of shells, and any number of points per shell.
The samples arranged on different shells do not share the same directions.
The method is tested for Spherical Polar Fourier reconstruction of the
diffusion signal, and based on Monte-Carlo simulations, several preferred
acquisition parameters are identified.

1

Introduction

Diffusion MRI maps the intravoxel diffusion characteristics of water molecules,
in order to infer properties on the underlying tissue microstructure. The MR
signal attenuation, E(q), is related to the diffusion Ensemble Average Propagator (EAP), P (r), through a Fourier transform. The diffusion tensor model [4]
is based on the assumption of multivariate Gaussian probability to model the
EAP. It is to date the most popular technique for clinical applications, because
it is described by only 6 parameters, and can be reconstructed from a small number of diffusion weighted images. Unfortunately it is unable to describe complex
tissue microstructure such as fiber bundle crossing in brain white matter. To
overcome the shortcomings of Gaussian assumption, several high angular resolution diffusion imaging techniques are used, such as Q-ball imaging [18], to map
the orientation distribution function. Recently, emerging reconstruction methods have been proposed [12, 1, 13, 2, 9] to make use of the diffusion signal in the

whole Fourier space, instead of on a unique sphere. These techniques require intensive sampling in the q-space to reconstruct E(q), and the design of a sampling
strategy is crucial for the development of such methods,
Single shell experiment design have received much attention from the diffusion MRI community [15, 14, 11, 16]. However we are aware of only one study [3]
on multiple shells acquisition design; yet it does not explicitly provide a method
to design acquisition protocols. In this context, we present in this paper a method
to design multiple shells sampling schemes. Similarly to what has been proposed
for single q-shell experiment design [6, 10, 8], our sampling is incremental, so as
to be able to make use of corrupted data or aborted scans. Our method is tested
using Monte-Carlo simulations on several synthetic diffusion models, for the reconstruction of the diffusion signal in the Spherical Polar Fourier (SPF) basis,
which was recently introduced to represent the 3D diffusion signal [3].

2

Method

We first present a method to design sampling protocols on several spheres in
q-space. The number of shells and the number of points per shell can be set to
any desired value. Then we review the SPF reconstruction technique ([3, 5]), and
present 4 synthetic diffusion models used in the next section for validation.
2.1

Multiple Shells experiment design

In this section, we propose a method to arrange a set of M points, on a set of
K spheres of given radii qk in R3 . The method can generate any the number of
points M and spheres K, with the desired radius qk and number of points N (qk )
for each shell.
Electrostatic repulsion In single q-shell experiment design, the problem is to
uniformly distribute points on a sphere, keeping in mind that the signal is antipodally symmetric, hence q and −q play the same role. The solution proposed
in [11] is to minimize:
X
1
1
+
.
(1)
J=
e(qi , qj ), where e(qi , qj ) =
|qi /qi − qj /qj | |qi /qi + qj /qj |
i6=j

We propose a generalization of this
P electrostatic repulsion for multiple shells: E =
(1 − λ)E1 + λE2 , where E1 = k ωk Jk is the weighted
P sum of the electrostatic
repulsion Jk on each shell of radius qk , and E2 = i6=j e(qi , qj ) is a coupling
term between shells.
The first term E1 guarantees a uniform coverage of each single shell, while
E2 ensures that the global angular coverage is also approximately uniform. Note
that for λ = 0, the minimization of E would be underconstrained, as any rotation
of a shell with respect to the other does not modify the energy E1 . In order for
the number of points on shell k to be proportional to N (qk ) (where the choice of
the function N is driven by the diffusion problem), it can be shown that taking
the weights should be chosen as ωk = 1/N (qk ).

Incremental construction of an optimal arrangement Some recent work
on single shell acquisition design [6, 10, 8] are about the interest of incremental
sampling sequences, for which an interruption at any point would result in an
approximately optimal design. Such designs are useful to process data from prematurely aborted acquisitions, as well as to process data online. In the sequel we
adapt the approach proposed in [8] to the problem of multiple q-shells design.
To find a nearly optimal design for M points, M iterations are required. At
each iteration i, we find the point qi minimizing E, while the qj , j < i remain
fixed. The minimization is done by an exhaustive search among a set of 10000
pseudo-random points uniformly distributed on each sphere. As shown in the
results section, this method provides a good approximation of the solution, with
a huge gain in efficiency.

2.2

Synthetic data and reconstruction

The reconstruction with our experiment designs are tested for different diffusion
models: one fiber (Gaussian diffusion), 2 fibers (mixture of Gaussian) with a
90◦ and a 60◦ crossing angle. Beyond these classical models, we also tested on
a restricted diffusion model within a cylinder, for which the diffusion signal was
computed according to [17], to test different radial behaviour. For the Gaussian
models, the diffusion tensor was chosen with eigenvalues λ1 = 1.7mm2 .s−1 , and
λ2 = λ3 = 0.2mm2 .s−1 . The cylinder dimensions are L = 5mm and ρ = 5µm.

1 fiber

2 fibers 90◦

2 fibers 60◦

Restricted in cylinder

Fig. 1. Diffusion signal (top) and diffusion propagator (bottom) for the 4 models selected for synthetic data generation. They are displayed in the x, y-plane.

The diffusion signal E(q) is reconstructed in the spherical polar Fourier
(SPF) basis {Bnlm ; n ≤ N, l ≤ L, |m| ≤ l}, recently introduced in [3]. The func1/2
tions are defined as Bnlm (q u) = κn (ζ) exp(−q 2 /2ζ)Ln (q 2 /ζ)Ylm (u), where κn

is a constant, Ylm is the modified spherical harmonic basis for real and symmet1/2
ric functions, and Ln is the generalized Laguerre polynomial. It can represent
the diffusion signal in the whole 3D space, using few coefficients [3]. Besides, a
method called SPF imaging [5] was recently introduced to represent the EAP in
a dual basis, with the same coefficients anlm . In our experiments, the SPF basis
was truncated at radial and angular orders N = 3 and L = 4 respectively, as
suggested in [3, 5], which corresponds to 60 coefficients to estimate. The reconstruction error we computed to evaluate the accuracy of the reconstruction ânlm
is the relative root mean squared error (RMSE) to the ground truth:
sP
|ãnlm − ânlm |2
nlmP
(2)
RMSE =
|ãnlm |2
and the ground truth coefficients ãnlm are estimated from 10000 samples uniformly distributed in the q-space.

3

Results

The minimization of E with respect to {qi , i = 1 . . . M } was implemented. In
the sequel we present the sampling schemes generated, and evaluate them for
diffusion MRI measurement.
3.1

Multiple shells experiment design

We have constructed incremental point sets minimizing the energy E. We plot in
Fig. 2 the results for a number of points on shell k proportional to N (qk ) = qk2 ,
which corresponds to a uniform arrangement of points. The construction of a
set of M = 120 points took 4s on a laptop with a 2.8GHz Intel R CoreTM 2
Duo processor and 4GB memory, with a python implementation. An optimal
arrangement of 120 points on 3 q-shells is presented in Fig. 2, for N (q) = q 2 and
λ = 0.1. The angular density of each shell is approximately optimal, as well as
the global angular coverage.
The electrostatic energy Jk is calculated for each shell, and normalized to
the minimum energy, of the optimal arrangement (as provided with the Camino
toolkit [7]). As reported in Fig. 2, it remains very close to 1; this means that
the electrostatic energy of our approximate optimum is very close to the global
minimum. We also check the minimum angle between any two points, which is a
metric used to check the uniformity of a sample distribution [14]. As expected,
the approximate solution contains slightly closer points than the optimal solution, but both remain within the same range.
3.2

Reconstruction in SPF basis

Because there is a large number of degrees of freedom in q-space experiment
design, we organize our investigations as follows. First, for a given number of
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Fig. 2. (top left) Multiple q-shell experiment design: 120 points on 3 shells, with N (q) =
q 2 . (top right) Points reprojected on the unit sphere. The distribution of points on
each shell is uniform, as well as the global angular density. (bottom left) Normalized
electrostatic energy. (bottom right) Minimum angle between any two points.

samples and a given number of shells, we analyze how to best distribute the
points between shells (choice of the function N (qk )). Then we evaluate the influence of the number of shells K on the reconstruction. Finally, we evaluate
the influence of the correlation of sampling directions between shells. The proposed acquisition strategies are tested without noise, and in presence of Rician
noise in the measurements. Unless explicitly modified, the SNR was set to 30
for all experiments.
The shells radii are distributed linearly between qmin and
p
qmax = bmax /4π 2 τ , with a maximum b-value bmax = 5 000s · mm−2 and a
diffusion time τ = 20.8ms. The reconstruction in SPF basis is a regularized least
squares estimation of the coefficients [3, 5], and the radial and angular regularization weights are λn = λl = 10−8 .
Number of points per shell With no prior knowledge on the signal characteristics, the intuition would be to arrange the samples uniformly in the q-space,
thus choosing a number of points N (qi ) on the i-th shell proportional to qi2 .
However, it is known that the radial behaviour of the signal is Gaussian-like,
which means that the energy is concentrated near the origin. So it might be that
N (qi ) = qi2 is not the best sampling strategy.

N(qi ) = qiα
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Fig. 3. Effect of the number of points per shell N (qi ) on the reconstruction accuracy.
The number of measurements was set to 120, constrained on 3 q-shells, with q1 , q2 , q3
linearly arranged. (left) no noise, (right) various SNR values, for the 2 fibers 90◦ model

Interestingly, the results in Fig. 3 suggest that a number of points on shell i
proportional to qi gives best results. This corresponds to weighting the natural
solution N (qi ) = qi2 by a factor 1/qi , giving more importance to the measurements at low q. This result is shared by the 4 diffusion models of interest, as
well as for a wide range of SNRs.

Number of shells The effect of changing the number of shells is investigated,
for various diffusion models and total number of points (Fig. 4). It is clear that 3
shells give the best reconstruction, whatever the diffusion model or the number
of measurements. When one changes the radial truncation order N of the SPF
basis, the optimal number of shells changes accordingly (results not reported
here).

Coherence between shells The second term E2 in the repulsion energy we
propose in 2.1 tends to separate the point directions from one shell to another. As
a means of comparison, we designed a sampling scheme with the same number of
points per shell, but with coherent directions (see Fig. 5). Choosing incoherent
directions between shells allows a better reconstruction in SPF basis. The difference increases with the number of shells: for the coherent directions strategy,
the total number of separate directions decreases, while it remains stable for the
incoherent shells acquisition design.
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Fig. 4. Effect of the number of shells on the reconstruction, for various diffusion models
(left) and total number of measurements M (right)

4

Discussion and conclusion

In this article, we have proposed an original approach to the design of sampling
schemes for multiple q-shells acquisition. The method is fast, and can provide
sampling schemes, with any arrangement for which the number of points on shell
k is proportional to an arbitrary function N (qk ). Different sampling strategies
were tested for the reconstruction of SPF coefficients. A remarkable result is the
advantage of using separate diffusion directions between shells, instead of reusing
the same directions. Also, the optimal number of shells seems to be equal to 3,
for the reconstruction in the SPF basis truncated at radial order 3.
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Abstract. We consider new scalar quantities in the context of High
Angular Resolution Diffusion Imaging (HARDI), namely, the principal
invariants of fourth-order tensors modeling the diffusion profiles. We
present the formalism needed to compute tensor invariants. We show results on the orthogonal basis of fourth-order tensor and on real HARDI
phantom and brain data.

1

Introduction

Diffusion MRI is a magnetic resonance imaging technique that measures the
rate of water diffusion in biological tissue. It is widely used to study brain white
matter in a non-invasive way. The diffusion tensor is a second-order tensor constructed from diffusion data which can reveal information on the white matter
architecture. This model is called diffusion tensor imaging (DTI). However, this
approach fails in the case of complex configurations of white matter fiber bundles,
such as crossings. A new diffusion MRI acquisition scheme has been proposed to
overcome this difficulty: High Angular Resolution Diffusion Imaging (HARDI)
[1], in which the diffusion correlated signal decay is measured in a large number
of directions.
The visualization and interpretation of HARDI data is complex and challenging. Meaningful scalar quantities constructed from the data are therefore
desirable, in particular in view of future clinical application of HARDI. Scalar
measures are used to characterize tissue anisotropy and distinguish between single or multi-fiber white matter configurations, for example. A number of HARDI
scalar quantities have been suggested so far, such as generalized anisotropy (GA)
and scaled entropy (SE) [2] and generalized fractional anisotropy (GFA) [1].
In this paper we propose the use of (higher-order) tensor invariants as building blocks for scalar measures in the analysis of HARDI images. Tensor invariants are scalar quantities constructed from the tensor which are independent of
the coordinate system used to express the tensor components. Invariants of the

second-order diffusion tensor have been studied in [3, 4]. The most widely used
anisotropy measure in DTI, fractional anisotropy (FA), is in fact an invariant
of the diffusion tensor. Invariants of a fourth-order covariance tensor have been
considered in DTI [5] and for the diffusion kurtosis tensor in [6], with a different definition of the eigenvalues needed to compute invariants. In this paper
invariants of fourth-order tensors are studied for the first time in the context
of HARDI. The paper is organized as follows. We first describe the modeling
of HARDI data by higher-order tensors and how to compute invariants in the
fourth-order case. We perform experiments on an orthogonal basis of fourthorder tensors as well as tensors corresponding to real HARDI phantom and
brain data, and discuss the results and possibilities for further work.

2
2.1

Theory
Modeling of HARDI data by tensors

The orientation distribution function (ODF) constructed from raw HARDI data
describes the diffusivities per direction in a voxel. Algorithms converting the raw
data to an ODF or a so-called solid angle ODF can be found, for example, in [7,
8]. An ODF can be approximated by a higher-order (> 2) 3-dimensional tensor
[9]:
D(g) = Di1 ,...,in g i1 . . . g in
(1)
where g = (g 1 , g 2 , g 3 ) is a direction on the unit sphere and n is the order of
the tensor. Here we use the Einstein summation convention for repeated indices.
Tensor D represents a generalized diffusion tensor, and as such, only even orders n = 2k (k = 1, 2, . . . ) are considered. In addition, these tensors are fully
symmetric. In this paper we consider the case where HARDI data is modeled by
fourth-order tensors.
2.2

Eigenvalues of a fourth-order tensor

It is not straightforward to generalize the notion of eigenvalues to tensors of
order higher than two. A number of authors have addressed this issue for both
symmetric and non-symmetric tensors [10–14]. A possible approach to determine
the eigenvalues and eigentensors of a fourth-order tensor T is the following [5, 6,
15, 16]
T : X = λX
(2)
where X is a second-order eigentensor and λ is the associated eigenvalue. Such
eigenvalues are sometimes called Kelvin eigenvalues. The tensor double dot product is defined as
T : X = Tijkl Xkl
(3)
where indices run from 1 to d, the dimension of the tensor (in our case d = 3).
We can also write (2) as
(Tijkl − λIijkl ) Xkl = 0

(4)

Here, Iijkl = δik δjl is the fourth-order identity tensor. This equation has an
eigentensor X 6= 0 as a solution if the following characteristic equation is satisfied:
det (T − λI) = 0

(5)

Note that this formulation holds for arbitrary fourth-order tensors, and independently of the symmetries possessed by the tensor. In practice we can solve
the eigenvalue problem (2) by considering the second-order embedding of T as
shown in the next section.

2.3

Matrix representation

An arbitrary 3-dimensional fourth-order tensor T has 81 independent components and can therefore be represented by a 9 × 9 matrix. On the other hand, a
3-dimensional fourth-order tensor D satisfying the major and minor symmetries
Dijkl = Dklij = Djikl = Dijlk

(6)

has only 21 independent components. Such a tensor can be mapped to a 6dimensional second-order tensor D̃ represented by a symmetric 6 × 6 matrix [5,
17]. Requiring also that Dijkl = Dikjl we have the full symmetry leading to 15
independent components and e.g. the following matrix representation for D̃:


D1111
 D1122

 D1133
√
D̃ = 
 2D1112
√
 2D1113
√
2D1123

D1122
D2222
√D2233
√2D1222
√2D1223
2D2223

D1133
D2233
√D3333
√2D1233
√2D1333
2D2333

√
√2D1112
√2D1222
2D1233
2D1122
2D1123
2D1223

√
√2D1113
√2D1223
2D1333
2D1123
2D1133
2D1233

√

√2D1123

√2D2223 
2D2333 

2D1223 

2D1233 
2D2233

(7)

√
The factors of 2 and 2 guarantee that D̃ transforms as a second-order tensor.
On the other hand, (7) has 6 real eigenvalues (λ1 , . . . , λ6 ) since it is a (real)
symmetric 6 × 6 matrix. In fact, the eigenvalues of the fourth-order tensor D
and the eigenvalues of D̃ are the same [5, 6, 16].

2.4

Principal invariants

The principal invariants of a fourth-order tensor arise as coefficients of the characteristic equation (5). In the case of a fully symmetric fourth-order tensor this
equation has six roots or eigenvalues and therefore there are six principal invariants I1 , . . . , I6 :
λ6 − I1 λ5 + I2 λ4 − I3 λ3 + I4 λ2 − I5 λ + I6 = 0

(8)

The principal invariants of the fully symmetric fourth-order tensor D can be
calculated in terms of its six eigenvalues as follows [5, 16, 18]:
I1 = λ1 + λ2 + λ3 + λ4 + λ5 + λ6
I2 = λ1 λ2 + λ1 λ3 + . . . + λ5 λ6
I3 = λ1 λ2 λ3 + λ1 λ2 λ4 + . . . + λ4 λ5 λ6

(9)

I4 = λ1 λ2 λ3 λ4 + λ1 λ2 λ3 λ5 + . . . + λ3 λ4 λ5 λ6
I5 = λ1 λ2 λ3 λ4 λ5 + . . . + λ2 λ3 λ4 λ5 λ6
I6 = λ1 λ2 λ3 λ4 λ5 λ6
Here, I1 = trace D and I6 = det D. Note that in principle the invariants and
eigenvalues can take on both positive and negative values. This is not in conflict
with the tensor being positive definite, as it should be for a tensor characterizing
diffusion. In the case of higher-order tensors positive eigenvalues are a sufficient
but not necessary condition for positive definiteness [14].

3

Experiments

We compute the principal invariants of fourth-order tensors corresponding to a
basis of real spherical harmonics and to HARDI data of a phantom representing
a crossing of two fiber bundles. We also perform experiments on real brain data
of a 25 year old healthy volunteer.
3.1

Real spherical harmonics

An alternative to the tensor model is to use a basis of real spherical harmonics
(SH) Ỹlm [9, 19]:
√

 2 Re Ylm if m < 0 
Ỹlm = √ Re Yl0 if m = 0
(10)


2 Im Ylm if m > 0
Here Ylm are the usual complex spherical harmonics. A fourth-order fully symmetric diffusion tensor can be expressed in terms of the 15 real spherical harmonics with l = 0, l = 2 and l = 4. The glyphs of the different components
are given in Figure 1, where an isotropic tensor is added to simulate realistic
DOT/Q-ball ODF. Subsequently, we consider the fourth-order tensor equivalent
to each of the SH’s and compute its eigenvalues and principal invariants. Results
are given in Tables 1, 2 and 3.
We notice a number of interesting patterns arising in the invariants of the
considered orthogonal basis. First of all, many SH modes share the same or very
similar invariants, as it should be for SH’s represented by glyphs with the same
or a comparable shape. Invariants corresponding to SH’s with l = 2 are all equal,
except for the m = 0 mode. Invariants of SH’s with l = 4, m 6= 0 are also very
similar. As a rule, invariants of Ỹlm and Ỹl−m are the same, for l, m 6= 0. We
also note that I2 is the same for all SH’s with fixed l, independent of the value

Fig. 1. Real spherical harmonics. Top row: Ỹ00 . Middle row: Ỹ2−2 , Ỹ2−1 , Ỹ20 , Ỹ21 , Ỹ22 .
Bottom row: Ỹ4−4 , Ỹ4−3 , Ỹ4−2 , Ỹ4−1 , Ỹ40 , Ỹ41 , Ỹ42 , Ỹ43 , Ỹ44 .

of m. On the other hand, it is not straightforward to identify particular glyph
shapes from a given set of invariant values. Another feature is that invariants
of SH’s with m = 0 are all different from zero, independent of the value of l.
Such modes represent isotropic diffusion for l = 0 or anisotropic diffusion in a
single direction for l = 2, 4 (see Figure 1). On the other hand, the only non-zero
invariants of SH’s with m 6= 0 are I2 and I4 (and just I2 for m = ±4). However,
the values of these invariants for l = 4 are relatively large compared to those of
l = 2, especially in the case of I4 . This might be helpful in order to distinguish
between regions where diffusion data is well described by a second-order tensor
(DTI) and regions where a higher-order model is needed (HARDI).
Table 1. Invariants corresponding to SH’s with l = 0.
l=0
(I1 , . . . , I6 )
Ỹ00 (1.4103, 0.7955, 0.2327, 0.0375, 0.0031, 0.0001)

Table 2. Invariants corresponding to SH’s with l = 2.
l=2
(I1 , . . . , I6 )
Ỹ2−2
(0, −0.3480, 0, 0.0104, 0, 0)
(0, −0.3480, 0, 0.0104, 0, 0)
Ỹ2−1
Ỹ20 (0.0002, −0.3480, 0.0545, 0.0104, −0.0011, −0.0001)
Ỹ21
(0, −0.3480, 0, 0.0104, 0, 0)
Ỹ22
(0, −0.3480, 0, 0.0104, 0, 0)

Table 3. Invariants corresponding to SH’s with l = 4.
l=4
(I1 , . . . , I6 )
(0, −1.5665, 0, 0, 0, 0)
Ỹ4−4
Ỹ4−3
(0, −1.5665, 0, 0.6134, 0, 0)
Ỹ4−2
(0, −1.5665, 0, 0.6010, 0, 0)
Ỹ4−1
(0, −1.5665, 0, 0.1628, 0, 0)
Ỹ40 (0.003, −1.5665, 0.2837, 0.3205, 0.0407, 4 × 10−6 )
Ỹ41
(0, −1.5665, 0, 0.1628, 0, 0)
(0, −1.5665, 0, 0.6010, 0, 0)
Ỹ42
(0, −1.5665, 0, 0.6134, 0, 0)
Ỹ43
Ỹ44
(0, −1.5665, 0, 0, 0, 0)

3.2

Phantom data

We consider an existing phantom containing crossing fibers at an angle of 90◦ and
corresponding diffusion MRI data acquired in 200 directions at a b-value of 2000
[20]. We compute the fourth-order orientation distribution functions from the
HARDI signal and the eigenvalues and principal invariants of the corresponding
tensors [7]. The latter are given in Figure 2.

Fig. 2. Principal invariants on a 90◦ fiber crossing phantom. Top row: I1 , I2 , I3 . Bottom
row: I4 , I5 , I6 .

It can be seen from the figure that I1 shows a considerable amount of noise,
which is much less apparent for the rest of the invariants. The resulting invariants show some contrast between the crossing and isotropic background, and
between the crossing and single fiber regions. The latter is the case for I4 to
I6 . Based on the results of the previous section, we expect I4 to be larger in
areas where tensors have a high l = 4 SH contribution (such as crossings), and
lower where such components are small with respect to the l = 2 ones (single
fibers). This is indeed reflected by I4 in Figure 2. However, similar results can
be seen for I5 and I6 . In this case we cannot extrapolate conclusions from the
SH invariants since they are both zero for most of them.
On the other hand, one would expect more coherence for each invariant map
within homogeneous phantom regions (vertical single fiber, horizontal single fiber
and crossing region). Invariants in these areas are indeed similar but the range
of invariant values between different regions is rather broad. More advanced
visualization techniques may improve this aspect.
3.3

Real brain data

We perform experiments on real brain diffusion MRI data, consisting of ten horizontal slices positioned through the corpus callosum and centrum semiovale [21].
The data were acquired with 132 gradient directions at a b-value of 1000 s/mm2
and a voxel size of 2.0 × 2.0 × 2.0 mm. Results of the computed invariants are
shown in Figure 3 (middle slice). The scalar maps I3 to I6 (middle and bottom
row) show high variability. It is further not straightforward to derive immediate
information from the results.

4

Discussion and Outlook

In this paper we present the novel idea of considering fourth-order tensor invariants as building blocks for scalar measures in HARDI. The purpose of such
measures is to extract relevant information on organization and anisotropy properties of white matter fibers by reducing the complex data to meaningful scalars.
A number of HARDI measures have been proposed in the literature but none of
them are based on higher-order tensor invariants. This is somewhat surprising
since the most popular measure in DTI, fractional anisotropy, is an invariant of
the second-order diffusion tensor.
We show that invariants on spherical harmonic tensors have a number of
interesting features. However, these are not immediately seen on real phantom
HARDI data. The phantom invariants show some sensitivity at fiber crossings
with respect to the isotropic background and single fiber areas but quantifying
this is hard. Invariant maps of real brain data are not immediately informative
at this stage. It would be interesting to relate the principal invariants to GA and
SE. These are rotationally invariant measures and can therefore be expressed in

Fig. 3. Principal invariants on real brain data. Middle slice is shown. Top row: I1 , I2 .
Middle row: I3 , I4 . Bottom row: I5 , I6 .

terms of the proposed higher-order invariants. A comparison between results of
individual invariants and those given by GA or SE is for this reason not representative.
The proposed invariants can be used to define new scalar measures in HARDI
which will immediately be rotationally invariant. On the other hand, the invariants feature space can be used for voxel classification purposes as it is done in
[22] for fourth-order SH coefficients, with the advantage of a reduced number
of parameters (from 15 to only 6). Future work will include the computation of
the principal invariants on simulated tensor crossings, as an intermediate step
between spherical harmonic tensors and phantom HARDI data, and new experiments on real brain HARDI data. In this way we can gain more insight in
the interpretation of invariants, allowing for the construction of well-motivated
HARDI measures. In addition, invariants of tensors of order higher than four
will be considered.

We present preliminary results on fourth-order tensor invariants of real phantom and brain HARDI data. Further work is required to investigate which information can potentially be derived from invariant-related maps. We conclude
that higher-order tensor invariants are a valuable but yet unexplored tool which
are worth further research in the context of HARDI scalar measures.
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Abstract. Interpolation is an essential operation throughout the processing of Diffusion Weighted Imaging (DWI) data. The choice of interpolation method during preprocessing affects the subsequent quantification, fiber tracking, etc. Methods for interpolation of second order tensors
and diffusion orientation distribution functions have been studied extensively. It seems however useful to interpolate directly on the DWI data
in q-space such that interpolation is independent of modelling or reconstruction methods. In the literature, interpolation in signal space is often
restricted to linear interpolation or to a more complex weighting pattern
superimposed on a Euclidean definition of distance. These methods are
not optimal as they implicitely make invalid assumptions for DWI data
in q-space. We look for alternative distance functions and introduce a
set of interpolation methods based on those distance functions. Properties of these methods, like preservation of statistical properties and the
orientation of peaks of the interpolants are investigated.

1

Introduction

Diffusion Weighted Imaging (DWI) is an imaging technique that measures the
local diffusion of water molecules in vivo in a specified direction [1]. In High
Angular Resolution Diffusion Imaging (HARDI) these measurements are performed for multiple directions. This allows for reconstructing the local diffusion
profile and enables us to make assumptions about the underlying microstructure.
As each HARDI measurement has a unique direction, the measured signal has
a unique location in q-space. Reconstructions of the local diffusion behaviour,
like Diffusion Tensors from Diffusion Tensor Imaging (DTI) [2], Apparent Diffusion Coefficient (ADC) profiles [3] or the diffusion Orientation Distribution
Functions (dODF) from Q-Ball imaging (QBI) [4] are derived from the original
signals. Signals can be considered as functions on the unit sphere and a multitude
of methods exist for modelling these functions. In [5, 6] spherical functions are
represented in a symmetric, real, orthonormal spherical harmonics (SH) basis

which allows to calculate the Funk-Radon transform between a signal function
and the dODF as a linear transformation.
Interpolation is a common operation throughout the whole processing pipeline
of medical images. It is indispensable for e.g. upsampling or spatial transformations of images during registration. The process of interpolation ascribes a
meaningful value to a point in space (interpolant) that doesn't coincide with
the measured data. The interpolation problem consists of two parts. One part
covers the way in which the original data are weighted to ascribe a value to the
interpolant, e.g. linear, B-splines, etc. The other handles the distances between
the original data. Different distances between the original data can be defined
and give rise to different interpolation paths. Both problems can be considered
independently. We focus on definitions of distances between diffusion weighted
data. In addition we note that the determination of an appropriate distance
measure between the data is also indispensable for statistical analysis. Without
the definition of a distance in the space of the data, it is impossible to calculate
even the most basic statistical parameters like the mean or variance.
Methods for interpolation of second order tensors and dODF's have been
studied extensively. An affine-invariant metric was adopted to the framework of
DTI [7--9] and was shown to coincide with the Fisher information metric [10].
These metrics present themselves as a valid alternative for the Euclidean metric
as they take into account the symmetric positive definite nature of the diffusion
tensor and avoid the swelling effect. The use of the Fisher information metric
was extended to dODF's. Since these functions are probability density functions
(pdf's) on the unit sphere, the expression for the Fisher metric is simplified under
square root reparametrization of the dODF [11, 12]. Ncube et al. [13] make use
of the Fisher information metric for size and shape and the Euclidean metric for
the rotational component of the dODF's.
It seems however useful to interpolate directly on the signal functions in
q-space in order for the interpolation to be independent of methods for modelling and reconstruction. In the literature, interpolation in signal space is often
restricted to linear interpolation or to a more complex weighting pattern superimposed on a Euclidean definition of distance [14]. However, these methods are
not optimal as they implicitely make invalid assumptions for signal functions in
q-space. The signal functions are assumed to live in a Euclidean vector space.
This is invalid as there are non-linear constraints to these functions. Moreover,
linear interpolation preserves important statistical properties of data that are
distributed normally, but causes a bias of the statistical properties if the data
are distributed otherwise. These considerations motivate a search for different
interpolation methods based on alternative distance functions in q-space.

2

Method

Data DWI data for different gradient directions can be seen as signal functions
on the unit sphere. For n gradient directions, DWI data in each voxel lives in an
n-dimensional space and is therefore represented as an n \times  1 column vector.

We assume that the original data has isotropic voxel size. The kernel of
the interpolation problem is the set of voxels used for ascribing a value to an
interpolant. Whereas this work focuses on the definition of a distance function
in q-space, the simplest kernel is chosen: for a random point in space the kernel
consists of the N = 2d nearest voxels, with d the dimensionality of the grid.
When a bigger kernel is chosen (and therefore more information is taken into
account for interpolation), it is to be expected that the interpolation method
will give a smoother result. This is however beyond the scope of this work.
Fr\'
echet mean N is the number of voxels that affect the value of the interpolant
and is therefore the size of the kernel. x\bfi  \in  \BbbR n , i = 1 . . . N are the values of
the original signal data in the kernel. The elements of x\bfi  are noted as x\bfi  =
[xi1 xi2 . . . xin ]T . \bfittheta \^ \in  \BbbR n is an estimator for the interpolant \bfittheta  . A meaningful
value for the interpolant can be found as the weighted Fr\'echet mean [15] of the
values of the voxels in the kernel. If d(x, x\bfi  ) is a measure for the distance between
x and x\bfi  and wi are the weighting coefficients, the weighted Fr\'echet mean equals
\bfittheta \^ = arg minn
\bfx \in \BbbR 

N
\sum 

wi d(x, x\bfi  ).

(1)

i=1

We endow the n-dimensional space of the sampled signal functions with an
orthogonal coordinate system. The jth element of \bfittheta \^ can be found based solely
on the jth elements of the original data x\bfi  . This way the vectorial nature of
the problem is reduced to a scalar nature. As we focus only on the definition of
distance functions, the weighting coefficients are chosen as simple as possible and
follow a linear pattern for a one dimensional interpolation problem, a bilinear
pattern for a two
\sum  dimensional problem, etc. The weighting coefficients satisfy
the conditions
wi = 1 and wi > 0.
Distance function We define the distance function \epsilon (x1 , x2 , . . . , xN ; \theta \^) =
\sum N
\^
\^
i=1 wi d(xi , \theta  ). The value of \theta  that minimizes this weighted distance function is by definition the weighted Fr\'echet mean. Conditions are imposed on the
distance function \epsilon :
\forall xi \in  \BbbR  :

\epsilon (x1 , x2 , . . . , xN ; \theta \^) \geq  0
\epsilon (x1 , x2 , . . . , xN ; \theta \^) = 0
\partial  \epsilon 
\partial  xi \partial  xj

= 0,

(2)
\leftrightarrow 

xi = \theta \^, i = 1 . . . N
i, j = 1 . . . N, i \not = j

(3)
(4)

The first two conditions make sure the function \epsilon  matches the notion of distance.
The third one guarantees that the deviations of the observations xi to \theta \^ are
measured independently from one another.
Maximum Likelihood Estimation We start off from the method of Tian et
al. [16]. Distance functions are constructed based on the statistical properties of

the underlying population by means of Maximum Likelihood Estimation (MLE).
We consider the values xi of the original data as being independent observations
out of an unknown population. A parametric stochastic model is presented for
this unknown population: \{ f (x |  \bfittheta  ) |  \bfittheta  \in  \Theta \} , where f (x |  \bfittheta  ) is the pdf that
represents the probability of observing the value x given the parameter vector
\bfittheta  . Note that \bfittheta  = [\theta 1 \theta 2 . . . \theta p ] is a vector and the stochastic model is therefore
determined by p independent parameters. Then by MLE, \bfittheta \^ equals
\bfittheta \^ = arg min  -  ln
\bfittheta 

N
\prod 

f (xi |  \bfittheta  )

(5)

i=1

In the context of interpolation methods we are only interested in the scaling
parameter \theta j of \bfittheta  . For simplicity of notation the index j is omitted. \theta \^ \in  \BbbR 
is an estimator for the scaling parameter of the population and is found by
minimizing (5). This equation is analogous to the equation of the (unweighted)
Fr\'echet mean. As a consequence, MLE allows us to construct a distance function
\epsilon (x1 , x2 , . . . , xN ; \theta \^) based on an underlying distribution.
Forms of distance functions and probability density functions We investigate whether the distance functions derived from any distribution satisfy
the conditions from equation (2), (3) and (4). The general form of the distance
\prod N
\sum N
function from equation (5) equals  - ln i=1 f (xi |  \theta ) = i=1  - lnf (xi |  \theta ). From
this general form, it is easy to derive that condition (4) is satisfied, but (2) and
(3) are not guaranteed. This is shown by example. It is well known that noise in
MR-images is Rician distributed. In case of low signal to noise ratio (SN R < 3)
it is appropriate to approximate the Rician distribution by a Rayleigh distribution. The distance function associated with a Rayleigh distribution equals
N
\sum 
i=1

wi (

xi
x2i
 -  ln 2 ).
2\sigma  2
\sigma 

(6)

While this function has a well-defined minimum, it does not satisfy (2) and (3).
We select from the literature a number of valid pdf's and associated distance
functions (Table 2). The distance functions can be considered as the variance
from the observations xi with respect to \theta . Analytical solutions for the minimization problem of the Fr\'echet mean are stated in the last column. Distance
functions (a), (b) and (c) are based on the normal, lognormal and inverse gamma
distribution and are referred to as the arithmetic, geometric and harmonic distance functions respectively. Distance function (d) is a generalization of the
H\"older mean [17]. The associated pdf is found by the (scaled) exponential transform of the negative distance function. Distance function (e) is adopted from
[16] and will be referred to as distance function E. The distance from x to \theta  = 1
and the associated pdf's for the H\"
older and E distance functions are shown in
Fig. 1.

Table 1. Summary of valid pdf's, associated distance functions and analytical expressions for the weighted Fr\'echet mean

pdf
(a)
(b)
(c)

\sigma 

x\sigma 

 - 
\surd 1 e
2\pi 

1
\surd 

2\pi 

distance function

(x - \theta )2
2\sigma  2

N
\sum 

weighted Fr\'echet mean
N
\sum 
\theta \^ =
wi xi

wi (xi  -  \theta )2

i=1

i=1

(ln x - ln \theta )2
 - 
2\sigma  2

e

N
\sum 

wi (ln xi  -  ln \theta )2

N
\sum 
\theta \^ = exp
wi ln xi
i=1
N
\prod 

i=1
\theta 

\theta x - 2 e -  x

N
\sum 

\theta \^ =

wi (x - 1
 -  \theta  - 1 )2
i

i=1

(wi

i=1

(d)
(e)

3

p

1  - (xi  - \theta  p )2
e
c
p
 - xi ( x\theta 
i

1
e
c

 - 1)2

N
\sum 

wi (xpi  -  \theta p )2

i=1

xj )

N

N
\prod 

wi xpi ( x\theta i  -  1)2

\prod 
j\not =i

\sum 
\theta \^ = ( wi xpi )(1/p)

i=1
N
\sum 

xi

i=1
N
\sum 

\theta \^ =

i=1

i=1
N
\sum 
p \prod 
xi
(wi xi
xj )
i=1
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Experiments

We consider an artificial two dimensional interpolation problem for which the
diffusion weighted signals in four corner points are known. The signals in the
corner points are constructed based on a multi tensor model. Three corner points
have eigenvalues \lambda 1 = 0.0018 mm2 /s and \lambda 2 = \lambda 3 = 0.0006 mm2 /s. This set of
eigenvalues is the default set for the remainder of this work. The fourth corner
point consists of two compartments with equal fraction and each compartment
has the default set of eigenvalues (corner points in Fig. 2). Signals are calculated
for 75 directions and a b-value of 3000 s/mm2 . We apply interpolation based on
the arithmetic, geometric and harmonic distance functions. Each interpolant is
modeled by SH up to the eight order and the corresponding ODF is calculated.
The ODF's are scaled to voxel size for visualization. The mean and variance of all
interpolants in each grid are visualized in the same way as the interpolants. The
variance for one gradient direction is calculated as the weighted distance function
(with equal weights) evaluated in the observed data and the mean for that
direction. The GFA is visualized in Fig. 2. The GFA is a measure for the degree
of anisotropy and is defined as the standard deviation over the root mean square
(RMS) of the ADC-values. The interpolation patterns generated by the different
distance functions are strongly different and cause the statistical parameters and
the GFA-values to differ as well. Quantification based on these values may lead
to different conclusions. The true interpolation paths depend on the underlying
microstructure and the voxel size (i.e. partial volume effects). Without addition
of prior information of the tissue type, it is difficult to develop an interpolation
method that suits each local configuration. We assess the usefulness of different
interpolation methods based on geometrical, statistical and other criteria.

Fig. 1. Distances from variable x to \theta  = 1 measured by the the H\"
older distance function
(top left) and distance function E (bottom left). The corresponding pdf's are also shown
(right).

One dimensional interpolation The influence of the distance function on
the interpolation of signal functions in q-space is studied systematically by a
one dimensional interpolation problem between two perpendicular single fiber
topologies. Cross sections of the means (not scaled to voxel size) allow us to
perform a more detailed analysis. The GFA and RMS of the interpolants are
also visualized. The RMS is a measure we adopt to characterize the swelling of
the diffusion propagator. Just as the GFA, it is calculated based on the ADCvalues.
Distance to zero and infinite diffusion Sampled signal functions are situated in the positive orthant of the n-dimensional space. If the boundaries of the
positive orthant are at an infinite distance from any other element in the positive
orthant, the distance function takes into account the nature of the space. Consider the distance between two sampled signal functions x = [x1 x2 . . . xn ]T and
y = [y1 y2 . . . yn ]T , with xi , yi \in  \BbbR + and i = 1 . . . n. We investigate the limiting
cases in which diffusion is infinite for at least one single gradient direction j, i.e.
yj = 0, or zero for at least one gradient direction, i.e. yj = +\infty .

(a)

(b)

(d)

(c)

(e)

(g)

(f)

(h)

(i)

Fig. 2. Interpolation of signal functions based on the arthmetic (a), geometric (d) and
harmonic distance function (g), visualized by ODF's. The GFA-values of the interpolation patterns are visualized for the respective distance functions in (b), (e) and (h).
The mean ODF of the 9 \times  9 signal functions and the variance, respectively on the top
and bottom, are visualized in (c), (f) and (i).

Preservation of statistical properties We consider a 500 \times  500 voxel image
where each voxel has zero signal amplitude. Noise is superimposed with pdf
f (x |  \bfittheta  ). We apply a spatial transformation that consists of a translation in
the x- and y-direction along a distance of half a voxel. We investigate whether
the statistical properties of the transformed image are identical to those in the
original image. The stochastic model that is valid for the population before
the spatial transformation is fit to the data after transformation by MLE. A
major change in the scaling parameters of the stochastic model indicates that
the transformation caused a change in the statistical properties of the population.

4

Results

One dimensional interpolation For the arithmetic distance function the
mean of two perpendicular single fiber topologies is a topology with two fibers.
For the harmonic distance function the maxima are displaced compared to the
original signal functions. For the geometric distance functions the mean is an
isotropic topology in the plane of the image. For the H\"
older distance function
and the E distance function, similar interpolation paths are encountered as for
the arithmetic, geometric and harmonic distance functions. However, by varying
the parameter p, it is possible to obtain a continuous spectrum of interpolation
paths. We notice that for large values of p, the interpolants evolve towards a
superposition of the original data (Fig. 3).
The mean signal function as determined by the arithmetic distance function
tends for every direction rather to the maxima than to the minima of the original
signal functions (Fig. 4). For the mean signal function as determined by the
harmonic distance function the opposite is true. The mean signal function as

Signal functions

ODF

Arithmetic
Geometric
Harmonic
(a)
p = 2.5
p = 1.5
p = 0.5
p = 0.01
p = -1.0
(b)
p = 2.5
p = 2.0
p = 1.5
p = 0.7
p = -0.7
(c)

Fig. 3. One dimensional interpolation executed for the arithmetic, geometric and harmonic distance function (a), the H\"
older distance function (b) and distance function E
(c). For the H\"
older and E distance functions, parameter p is varied in a sensible range.
The signal functions as well as the ODF's are visualized.

determined by the geometric distance function is situated in between for every
direction. The relative magnitudes of the means are preserved by the FunkRadon transform. The swelling is largest and the drop of GFA is smallest for
interpolation by the harmonic distance function.
The weighted H\"older mean is larger for larger p-values. As a consequence
the mean signal function determined by the H\"
older distance function with large
p-value tends rather to the maxima, while for a small p-value it tends to the
minima. The relative magnitude of the means for varying p-values is preserved
by the Funk-Radon transform. The swelling effect is largest for small p-values.
Even though the H\"older and E distance function produce a distinct set of
interpolation paths, all of the mentioned properties also hold for the E distance
function.
Distance to zero and infinite diffusion For the arithmetic, the geometric
and the harmonic distance function, the distance between x and the limiting
case of infinite diffusion y equals respectively

Fig. 4. Cross sections of the mean of two single-fiber topologies for the arithmetic,
geometric and harmonic distance function (top left), the H\"
older distance function (top
middle), and the E distance function (top right). The mean is calculated in q-space and
visualized as ODF's. The original data are also shown as ODF's (grey). The GFA (full
line) and RMS (dashed line) are plotted for the different interpolation paths (bottom).
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For the arithmetic distance function, the distance is limited. If the diffusion is
infinitely small in at least one direction, the distance between x and y equals +\infty 
for the arithmetic, as well as the geometric and harmonic distance function. For
the H\"older distance function and the E distance function, the distances between
x and the cases of infinite and zero diffusion y are summarized in Table 2.
Table 2. Summary of the distances to zero and infinite diffusion for the H\"
older distance
function (left) and the E-distance function (right)
H\"
older
inf diff
zero diff

p>0
\in  \BbbR +
+\infty 

p=0
0
0

p<0
+\infty 
\in  \BbbR +

E-distance
inf diff
zero diff

p>0
+\infty 
+\infty 

p=0
+\infty 
1

p<0
+\infty 
0

Preservation of statistical properties Noise is distributed according to a
normal (\mu  = 1.5 en \sigma  = 0.4), lognormal (\mu  = ln 1.5 en \sigma  = 0.4) and inverse
gamma distribution (\theta  = 1.5). Different interpolation methods are applied to
each distribution and the results are summarized in Table 3.
Table 3. Noise is distributed according to a normal, lognormal or inverse gamma
distribution. For each distribution the effect of the interpolation method is visualized.
The original distribution, from which the original samples are drawn, is plotted in
black. The samples after interpolation are plotted in red. The MLE fitting of the
original stochastic model to the samples after interpolation is also visible.
Arithmetic

Geometric

Harmonic

\mu  = 1.5002
\sigma  = 0.2000

\mu  = 1.4562
\sigma  = 0.2112

\mu  = 1.4113
\sigma  = 0.2310

\mu  = 0.4642
\sigma  = 0.2057

\mu  = 0.4045
\sigma  = 0.2001

\mu  = 0.3466
\sigma  = 0.2057

\theta  = 3.1727

\theta  = 2.2333

\theta  = 1.5009

Normal

Lognormal

Inverse gamma
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Discussion

The observed topologies of the interpolants as determined by the arithmetic,
geometric and harmonic distance function are explained by the relative magnitudes of the weighted means: arithmetic mean \geq  geometric mean \geq  harmonic
mean. This is a general property and a proof can be found in [18].
The relative magnitudes of the means are preserved by the Funk-Radon transform \scrF . If \scrS a : \BbbS 2 \rightarrow  \BbbR + and \scrS g : \BbbS 2 \rightarrow  \BbbR + represent the mean signal functions
determined by the arithmetic and geometric mean respectively, then for any unit
vector w is \scrS a (w) \geq  \scrS g (w) as is proven in [18]. As a consequence it is valid that
\delta (uT w)\scrS a (w) \geq  \delta (uT w)\scrS g (w) for a random vector u. Taking the integral of
the left and right hand side of the inequality preserves the inequality if the same
integration bounds are chosen (unit sphere). Therefore \scrF [\scrS a (w)] \geq  \scrF [\scrS g (w)].

This proof can be repeated for the mean signal functions determined by the
geometric and harmonic distance functions.
While the relative magnitudes of the means are preserved by the FunkRadon transform, it is obvious that they are inverted by calculating the ADCvalues (monotonically decreasing transformation). This explains the swelling and
shrinking for interpolation by the harmonic and arithmetic distance function respectively, since the swelling is characterized by the RMS of the ADC-values.
As the arithmetic, geometric and harmonic distance functions are special
cases of the H\"older distance function, the conclusions for these distance functions can be generalized. The weighted H\"
older mean with parameter q is smaller
or equal to the weighted H\"
older mean with parameter p if q < p [18]. The relative magnitudes are preserved by the Funk-Radon transform and inverted by
calculating the ADC-values. Hence the swelling effect arises for small p-values.
We note that for p = +\infty , the weighted H\"
older mean equals the maximum of
the observations and therefore each signal function of the interpolation path is
the superposition of the original data. For p =  - \infty , the weighted H\"
older mean
equals the minimum of the original data and therefore each signal function of
the interpolation path coincides with the intersection of the original data.
As regards the distance to the limiting case of infinite diffusion, the interpolation of signal functions based on an arithmetic distance function is undesirable. It does not take into account the non-linear constraints on those signal
functions. On the other hand, the arithmetic, geometric and harmonic distance
function satisfy the desirable condition of an infinite distance to the limiting
case of infinitely small diffusion. For the H\"
older and E distance function, only
the E-distance function with p > 0 satisfies the condition of infinite distance for
both the cases of zero and infinite diffusion.
The scaling parameter of the population is preserved best when the interpolation method is adapted to the original distribution. Suppose we want to
interpolate between diffusion weighted data within the same tissue type. The
data is assumed to have the same diffusion propagator in size, shape and orientation, but is corrupted by Rician noise. As the Rician distribution is not
associated with a valid distance function (Section 2), we look for distributions
from Table 2 that are closest. An appropriate value for p can be obtained by
MLE, but depends on the parameters of the Rician distribution.

6

Conclusion

In this work different distance measures are imposed on q-space, where each
distance measure is associated with a presumed stochastic model. The measures
give rise to strongly different interpolation paths. By varying a single parameter,
one is able to obtain a continuous spectrum of interpolation paths with different
swelling properties, different orientation of the peaks of the interpolants, etc. The
usefulness of the interpolation paths is assessed by geometrical and statistical
criteria. Interpolants of data wich serve for fiber tracking may need to preserve

the peaks, whereas interpolants of data which serve for statistical analysis may
need to preserve the statistical properties.

References
1. LeBihan, D., Breton, E.: Imagerie de Diffusion In Vivo par R\'esonance Magn\'etique
Nucl\'eaire. C. R. Acad. Sci. Paris S\'erie II, 301(15), 1109--1112 (1985)
2. Basser, P.J., Mattiello, J., LeBihan, D., Estimation of the Effective Self-diffusion
Tensor from the NMR Spin Echo. J. Magn Reson B., 103(3), 247--54 (1994)
3. Tuch, D.S., Reese, T.G., Wiegell M.R., Makris, N., Belliveau, J.W., Wedeen, V.J.:
High Angular Resolution Diffusion Imaging Reveals Intravoxel White Matter Fiber
Heterogeneity. MRM 48(4), 577--582 (2002)
4. Tuch, D.S.: Q-Ball Imaging. MRM 52(6), 1358--1372 (2004)
5. Descoteaux, M., Angelino, E., Fitzgibbons, S., Deriche, R.: Apparent Diffusion
Coefficients from High Angular Resolution Diffusion Imaging: Estimation and Applications. MRM 56(2), 395--410 (2006)
6. Descoteaux, M., Angelino, E., Fitzgibbons, S., Deriche, R.: Regularized, Fast, and
Robust Analytical Q-Ball Imaging. MRM 58(3), 497--510 (2007)
7. Batchelor, P.G., Moakher, M., Atkinson, D., Calamante, F., Connelly, A.: A Rigorous Framework for Diffusion Tensor Calculus. MRM 53(1), 221--225, (2005)
8. Pennec, X., Fillard, P., Ayache, N.: A Riemannian Framework for Tensor Computing. Int. J. Comp. Vis. 66(1) 41--66, (2006)
9. Fletcher, P.T., Joshi, S.: Riemannian Geometry for the Statistical Analysis of Diffusion Tensor Data. Signal Processing 87(2), 250--262, (2007)
10. Lenglet, C., Rousson, M., Deriche, R., Faugeras, O.: Statistics on the Manifold of
Multivariate Normal Distributions: Therory and Application to Diffusion Tensor
MRI Processing. J. Math. Imaging Vision 25(3), 423--444, (2006)
11. Cheng, J., Ghosh, A., Jiang, T., Deriche, R.: A Riemannian Framework for Orientation Distribution Function Computing. Medical Image Computing and ComputerAssisted Intervention. MICCAI 2009 Part I LNCS 5761, 911--918, (2009)
12. Goh, A., Lenglet, C., Thompson, P.M., Vidal, R.: A Nonparametric Riemannian
framework for Processing High Angular Resolution Diffusion Images and its Applications to ODF-based Morphometry. NeuroImage 56, 1181--1201, (2011)
13. Ncube, S., Srivastava, A.: A Novel Riemannian Metric for Analyzing HARDI Data.
Proc. SPIE 7962, 79620Q, (2011)
14. Dyrby, T.B., Lundell, H.M., Liptrot, M.G., Buke, M.W., Ptito, M., Siebner, H.R.:
Interpolation of DWI Prior to DTI Reconstruction, and its Validation. ISMRM 19,
1917, (2011)
15. Fr\'echet, M.: Les El\'ements Al\'eatoires de Nature Quelconque Dans Un espace Distanci\'e. Ann. Inst. H. Poincar\'e 10, 215--310, (1948)
16. Tian, Q., Yu, J., Xue, Q., Sebe, N., Huang, T. S.: Robust Error Metric Analysis for
Noise Estimation in Image Indexing. Conference on Computer Vision and Pattern
Recognition Workshop 9, 140--146, (2004)
17. H\"
older, O.: Ueber einen Mittelwerthsatz, Nachrichten von der K\"
onigl. Gesellschaft
der Wissenschaften und der Georg-Augusts-Universit\"
at zu G\"
ottingen, Band 1889
(2), 38--47, (1889)
18. Bullen, P.S.: Handbook of Means and their Inequalities. Mathematics and its applications 560, (2003)

Generalizing Diffusion Tensor Model Using
Probabilistic Inference in Markov Random
Fields
Çağatay Demiralp and David H. Laidlaw
Brown University
Providence, RI, USA

Abstract. We give a proof of concept for efficiently modeling tensor
configuration distributions with Markov random fields (MRFs) and inferring the most likely tensor configurations with maximum a posteriori
(MAP) estimations. We demonstrate the plausibility of our method by
resolving fiber crossings in a synthetic dataset, experimenting with three
different MAP estimation methods on a grid MRF model. The power of
the MAP-MRF framework comes from its mathematical convenience in
modeling prior distributions and the fact that it yields a global optimization driven by local neighborhood interactions.

1

Introduction

It is well known that the standard single second-order tensor model of diffusion falls short in quantifying fiber geometries such as crossing, kissing, and
branching. This limitation has led to the development of different acquisition
techniques along with more complex models of diffusion. One strategy for recovering the underlying complex fiber architecture is to nonparametrically estimate
the displacement probability distribution function, which characterizes the diffusion locally, using the Fourier relationship between diffusion and the signal echo
attenuation in q-space [1, 2]. These q-space methods, however, require a large
number of scans, and hence long acquisition times, making them impractical in
a clinical setting. Therefore, various regularization techniques have been proposed to sample the q-space efficiently and thereby reduce the number of scans
required (e.g., [3–5]).
Some of earlier work has also proposed multi-tensor as well as simple, restricted geometric models to address the issue of mixed tract geometries (e.g., [6,
7]). In this context, the work presented here can be viewed as a regularized
multi-tensor model. Given signal values (i.e., DWI sequences) and a set of prior
constraints, we would like to know the most likely tensor configuration that “explains” the signal. This is a typical Bayesian inference problem. Therefore, we
model the probability distribution of configurations with a Markov random field
(MRF) and obtain the most probable configuration using the maximum a priori
(MAP) estimate [8]. Note that, while it is applied to extend the tensor model
here, as a general spatial probabilistic model selection approach, the MAP-MRF
framework can be applied to other diffusion models easily.

2
2.1

Background and Related Work
Diffusion Imaging

The current standard method for measuring diffusion in tissues with magnetic
resonance imaging (MRI) is based on an experiment using spin echoes in the
presence of a time-dependent field gradient (the Stejskal-Tanner echo-sequence
experiment [9]). This method samples from the Fourier transform of molecular
displacement that is characterized by a probability density function p(r|τ ), where
r is the displacement vector and τ is the diffusion time. In this context, the
relation between the MRI signal S(q, τ ) measured in the direction of a diffusion
gradient G and p(r|τ ) in a Stejskal-Tanner spin-echo sequence experiment is
given by
Z
T
S(q, τ ) =S0
p(r|τ )e−2πiq r dr
(1)
3
ZR
T
=S0
p(r|τ )e−iγδ|G|g r dr
(2)
R3

where q = γδG/2π, S0 is a reference signal obtained without using a diffusion
gradient, γ is the gyromagnetic ratio of water protons, δ is the diffusion gradient
duration, and g is the unit vector in the direction of the diffusion gradient G
(i.e., g = G/ |G|).
2.2

Diffusion Models

What we want to recover from equation (1) is the probability density function p(r|τ ) of molecular displacement. In this sense, modeling diffusion locally
is a probability density estimation problem. There are essentially two basic approaches, parametric and nonparametric.
If we take the probability density function p(g|τ ) to be Gaussian, then the
original equation (1) reduces to
S(g, τ ) = S0 e−bg

T

Dg

(3)

where b = τ |q|2 = τ (γδ |G| /2π)2 and D is a three-dimensional, second-order
symmetric tensor. In this case, p(r|τ ) has the following form:
rT D−1 r

e− 4τ
p(r|τ ) = p
(4πτ )3 |D|

(4)

Since the mean of this three-dimensional normal distribution is assumed to be
(0, 0, 0), the covariance matrix (or the second-order symmetric tensor) D determines the distribution.
The single second-order tensor model of diffusion is the most widely used
model quantifying anisotropic diffusion with MRI [10]. As remarked above, one of
the limitations of this model is that it cannot handle mixtures of different tissue

orientations. To address the issue, multi-tensor models have been proposed that
turn the single Gaussian density estimation problem into the Gaussian mixture
density estimation. (e.g., [11, 6]). An n-tensor model of diffusion is given by
Si = S0

n
X

T

αj e−bgi

Dj gi

(5)

j=1

P
where α is the mixing coefficient (or volume fraction) with j αj = 1.
Our method can be considered a multi-tensor model in which the number
of tensors, and possibly tensor parameters, is estimated using Bayesian model
selection. In the demonstration here, we use a two-tensor model with α1 = α2 =
0.5.
It is possible to estimate p(r|τ ) without assuming a particular shape for the
distribution. All existing nonparametric approaches try to reconstruct a probability density function defined on the sphere. One approach is to use the Fourier
relationship between the diffusion function and the signal echo attenuation in
q-space. Diffusion spectrum imaging (DSI) samples diffusion on a volumetric
grid [1], while qball imaging samples the density function on a sphere [2].
2.3

Markov Random Fields

A Markov random field is a conditional probability distribution with a Markov
property over a set of random variables described by an undirected graphical
model G(V, E) with a set V of vertices and a set E of edges [8]. The vertex set V
of the graph corresponds to the random variables and the edge set E determines
the conditional dependencies (i.e., Markov properties). One of the advantages of
MRFs is that it is easy to model local dependencies (or interactions) with arbitrary energy functions while ensuring that the probability distribution remains
a proper probability distribution. Note that the Hammersley-Clifford theorem
indicates that all MRFs have Gibbs representations, given P (x) > 0 [12].
MRFs have been used in the past to regularize diffusion tensor fields [13, 14].
The main difference between the two earlier works using MRFs and the present
effort is that while we estimate the most likely configurations that can include
multiple tensors for some voxels (crossing, branching, etc.), they estimate only
the most likely single-tensor configurations. In other words, the MRF-based regularization method in [13, 14] does not resolve mixed tissue orientations. Also,
at the technical level, we exploit more recent developments in MAP estimation algorithms: In addition to the greedy algorithm iterated conditional mode
(ICM) used in [13, 14], we also experiment with belief propagation (BP) and
tree-reweighted message passing (TRW) algorithms. Our results suggest that,
even in the simple setting used, BP and TRW are more accurate and faster than
ICM.

3

Methods

We express the problem of finding the most likely tensor configuration for a given
sequence of diffusion images as a Bayesian inference problem. If x is a random

variable representing the hidden tensor configuration and y is another random
variable corresponding to the diffusion signal, then Bayes’ rule suggests that
P (x|y) ∝ P (y|x)P (x)
posterior ∝ likelihood × prior
where we model the prior distribution P (x) using an MRF. In this context,
the most likely tensor configuration is an assignment of x that maximizes the
posterior probability P (x|y).

Fig. 1: Synthetic diffusion MRI data of resolution 32 × 32 were generated using b =
1500 s/mm2 and 12 diffusion gradient directions.

4

MAP Estimation and Equivalent Energy Formulation

The maximum a posteriori (MAP) estimate is a choice of x that maximizes
P (x|y); MAP estimation in MRFs has an equivalent energy formulation [15]
that we have used in our experiments. Let V = {v1 , v2 , . . .} be a set of random
variables (e.g., corresponding to the voxels in a DWI sequence) and L be a finite
set of labels (e.g., number of tensors to fit). Let xi denote a labeling of vi ; then
X
X
W (xi , xj )
(6)
E(x) =
D(xi ) +
vi ∈V

|

{z

data cost

}

(i,j)∈N

|

{z

}

smoothness cost

where D(xi ) is the cost of assigning label xi to vi and W (xi , xj ) is the cost of
assigning label xi and xj to two neighboring vi and vj . Minimizing E(x) means
finding a labeling assignment vector x that minimizes the cost.

5

Experiment

We demonstrate the use of the MAP-MRF framework on a synthetic fibercrossing dataset.

5.1

Synthetic Data and MRF Model

We generate a synthetic fiber crossing diffusion MRI sequence using 12 gradient
directions with b = 1500 s mm−2 [16]. We use a two-dimensional 4-connected
grid MRF.
For our experiment, we use a simple smoothness function W (xi , xj ), where
xi and xj are the random variables corresponding to the two neighboring nodes
(voxels) i and j in the graphical model (MRF). Note that xi , xj ∈ L = {1, 2}
and, hence, x ∈ {1, 2}32×32.
We first define a “distance” between two tensors Di and Dj using their
eigenvectors:
ρ(Di , Dj ) =

3
X

θ(eki , ekj )

(7)

k=1

where ekl is the kth eigenvector of the tensor Dl , and θ(u, v) = arccos(|uT v|)
(the smaller angle between the two vectors). Therefore, ρ is basically the sum of
the angles between corresponding eigenvectors of the two tensors.
Our smoothness function tries to capture how well the principal axes of tensors associated with one node are aligned with those of the other node:

ρ(D1i , D1j )



min(ρ(D1 , D1 ), ρ(D1 , D2 ))
j
i
j
i
W (xi , xj ) =

W (xj , xi )



{1,2}−m
{1,2}−l
)
, Dj
ρ(Dli , Dm
j ) + ρ(Di

if
if
if
if

xi
xi
xi
xi

=1
=1
=2
=2

and
and
and
and

xj
xj
xj
xj

=1
=2
=1
=2

where (l, m) = arg min(l,m) ρ(Dli , Dm
j ).
The last case, where xi = 2 and xj = 2, needs some explanation. Here we
have exactly two tensors {D1i , D2i } and {D1j , D2j } associated with xi and xj ,
respectively. First, we find the pair (Dli , Dm
j ) for which ρ is the minimum. Then
we define W to be the sum of this minimum and the distance between the
remaining pair.
The data cost term used in this case is also very simple:
(
D(xi ) =

1 if xi = 1
2 otherwise

(a) DT

(b) ICM

(c) BP

(d) TRW

Fig. 2: Results for a 2D synthetic fiber-crossing data set. While the single-tensor fitting
(DT) cannot resolve the crossing, all the MAP estimation algorithms used (ICM, BP,
and TRW) “select” the underlying orientation configuration correctly.

6

Results

We use three different MAP estimation algorithms: iterated conditional mode
(ICM), belief propagation (BP), and tree-reweighted message passing (TRW) [15].
All the three algorithms, even one as simple as ICM, provide good results, effectively selecting the configuration that represents the fiber crossing accurately
(see Figure 2).

7

Discussion and Conclusions

While diffusion is a local phenomenon, connectivity is global. Therefore, a model
fitting for diffusion should consider goodness of fit in both aspects. We have

0.4
0.35
0.3
0.25

me (secs)

0.2
0.15
0.1
0.05
0

ICM

BP

TRW

Fig. 3: Running times for the MAP estimation algorithms.

provided a proof of concept for efficiently modeling tensor configuration distributions with MRFs and their practical MAP estimations. We believe that the
MAP-MRF framework can address the two main limitations of multi-compartment
models: nonlinear optimization and model selection. Note that it is easy to incorporate a noise (degradation) factor into our model. Having shown the plausibility
of the approach, we plan to test it on synthetic and real data sets with different
noise levels.
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Abstract. Regularized diffusion tensor estimation is an essential step
in DTI analysis. There are many methods proposed in literature for this
task but most of them are neither statistically robust nor feature preserving denoising techniques that can simultaneously estimate symmetric
positive definite (SPD) diffusion tensors from diffusion MRI. One of the
most popular techniques in recent times for feature preserving scalarvalued image denoising is the non-local means filtering method that has
recently been generalized to the case of diffusion MRI denoising. However, these techniques denoise the multi-gradient volumes first and then
estimate the tensors rather than achieving it simultaneously in a unified
approach. Moreover, some of them do not guarantee the positive definiteness of the estimated diffusion tensors. In this paper, we propose a novel
and robust variational framework for the simultaneous smoothing and
estimation of diffusion tensors from diffusion MRI. Our variational principle makes use of a recently introduced total Kullback-Leibler (tKL)
divergence, which is a statistically robust similarity measure between
diffusion tensors, weighted by a non-local factor adapted from the traditional non-local means filters. For the data fidelity, we use the nonlinear
least-squares term derived from the Stejskal-Tanner model. We present
experimental results depicting the positive performance of our method in
comparison to competing methods on synthetic and real data examples.

1

Introduction

Diffusion MRI is a technique that uses diffusion sensitizing gradients to noninvasively image anisotropic properties of tissue. Diffusion tensor imaging (DTI)
introduced by Basser et al. [1], approximates the diffusivity function by a symmetric positive definite tensor of order two. There is abundant literature on DTI
analysis including but not limited to denoising & tensor field estimation [2–9],
DTI registration, fiber tractography etc and all of these latter tasks will benefit
from denoising and estimation of smooth diffusion tensors.
?
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In most of the existing methods, the diffusion tensors (DTs) are estimated
using the raw diffusion weighted echo intensity image (DWI). At each voxel of
the 3D image lattice, the diffusion signal intensity S is related with its diffusion
tensor D ∈ SPD(3) 1 via the Stejskal-Tanner equation [10]
S = S0 exp(−bgT Dg),

(1)

where S0 is the signal intensity without diffusion sensitizing gradient, b is the
diffusion weighting and g is the direction of the diffusion sensitizing gradient.
Estimating the DTs from DWI is a challenging problem, since the DWI is
normally corrupted with noise [7–9]. Therefore, a statistically robust DTI estimation method which is able to perform feature preserving denoising is desired.
There are various methods [3, 8, 9, 11–15] that exist in the literature to achieve
this goal of estimating D from S. A very early one is direct tensor estimation [16].
Though time efficient, it is sensitive to noise because only 7 gradient directions
are used to estimate D and S0 . Another method is the minimum recovery error
(MRE) estimation or least squares fitting [1] which minimizes the error when
recovering the DTs from the DWI. MRE is better than direct estimation but it
does not enforce spatial regularization or the SPD constraint resulting in possible
inaccuracies.
Bearing these deficiencies in mind, researchers developed variational framework (VF) based estimation [3–5]. These approaches take into account the SPD
constraint on the diffusion tensors. The smoothing in all these approaches involves some kind of weighted averaging over neighborhoods which define the
smoothing operators resulting from the variational principles. These smoothing operators are locally defined and do not capture global geometric structure
present in the image.
More recently, some denoising frameworks have been proposed according to
the statistical properties of the noise. They assume the noise follows the Rician
distribution [17,18], and the DWI is denoised using maximum likelihood estimation. After denoising the DWI, one can use other techniques to estimate the DTI.
Besides, the popular NLM based method has been adapted by many to denoise
DTI data sets [19–21]. In the NLM based approaches, one first needs to denoise
the DWI field and then estimate DTI from the denoised DWI. Alternatively,
the diffusion tensors are first estimated and then denoised using Riemannian
approach [22] or the NLM framework incorporating a Log-Euclidean metric [23].
The drawback of such two-stage processes is that the errors might accumulate
from one stage to the other.
To overcome the aforementioned problems, we propose a novel statistically
robust variational non-local approach for simultaneous smoothing and tensor
estimation from the raw DWI data. This approach combines the VF, NLM and
an intrinsically robust regularizer on the tensor field. The main contributions
of this approach are three-fold. First, we use total Bregman divergence (specifically, the tKL) as a measure to regularize the tensor field. Combined with the
Cholesky decomposition of the diffusion tensors, this automatically ensures the
1
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positive definiteness of the estimated diffusion tensors, which overcomes the common problem for many techniques [3] that need to manually force the tensor to
be positive definite. Second, it preserves the structure of the tensor field while
denoising via an adaptation of the NLM framework. Finally, it allows for simultaneous denoising and DT estimation, avoiding the error propagation of a two
stage approach described earlier. Besides, this method can be easily extended to
higher order tensor estimation. We will explain these points at length in the rest
of the paper.
The rest of the paper is organized as follows. In Section 2, we introduce our
proposed method and explore its properties, followed by the empirical validation
in Section 3. Finally we conclude in Section 4.

2

Proposed method

The simultaneous denoising and estimation of the DTI is achieved by minimizing
the following energy function:
min

S0 , D∈SPD

E(S0 , D) = λ

n
XX

2
Si (x) − S0 (x) exp{−bgiT D(x)gi }

x∈Ω i=1

+(1 − λ)

X X



w(x, y) (S0 (x) − S0 (y))2 + δ(D(x), D(y)) ,

x∈Ω y∈V(x)

(2)
where Ω is the domain of the image, w(x, y) is the similarity between voxels
x and y, V(x) is the user specified search window at x, and δ(D(x), D(y)) is
the total Kullback-Leibler (tKL) divergence proposed in [24,25] between tensors
D(x) and D(y). tKL is defined in [24] and has been used in DTI segmentation
[24] and classification [26]. We will redefine it later in Section 2.2 for the sake
of completeness. The first term of (2) minimizes the non-linear fitting error, the
second term enforces smoothness constraints on S0 and D via a non-local means
regularizer. λ is the regularization constant balancing the fitting error and the
smoothness. Note that Si , S0 and D by default represent the values at voxel x,
unless specified otherwise.
2.1

Computation of the Weight w(x, y)

The weight w(x, y) is regularizes the similarity between S0 (x) and S0 (y), as
well as D(x) and D(y). Usually, one requires the similarity to be consistent with
the similarity between their corresponding diffusion signals. Therefore, we define
w(x, y) based on the diffusion signal intensities of the two voxels’ neighborhoods.
Let N (x) and N (y) denote the neighborhoods of x and y respectively. If
y ∈ V(x), then w(x, y) is defined as,
w(x, y) =


1
exp −kS(N (x)) − S(N (y))k2 /h2 ,
Z(x)

(3)

where h is the user specified filtering parameter and Z is the normalization
constant. S(N (y)) represents
the signal intensities of the neighborhood at x and
Pm
kS(N (x)) − S(N (y))k2 = j kS(µj ) − S(νj )k2 , where µj and νj are the j th
voxels in the neighborhoods respectively, and m is the number of voxels in each
neighborhood.
From (2), we can see that when w(x, y) is large, then S0 (x) and S0 (y) as
well as D(x) and D(y) respectively are similar. In other words, if the signal
intensities for the neighborhoods of two voxels are similar, their corresponding
Ds and S0 s should also be similar. Though having very good accuracy, NLM is
known for its high time complexity. To reduce the time cost, we use two tricks.
One is to decrease the number of computations by selecting only those voxels
whose signal intensity is similar to that of the voxel under consideration. This
is specified by
(

kS(N (x))k2
1
exp −kS(N (x)) − S(N (y))k2 /h2 , if kS(N
Z(x)
(y))k2 ∈ [τ1 , τ2 ] .
w(x, y) =
0,
Otherwise
We choose τ1 = 0.5 and τ2 = 2 in our experiments. This prefiltering process
greatly decreases the number of computations.
The other trick is using parallel computing, where we divide the computations
into several parts, and assign the computation parts to several processors. In our
case, we divide the volumes into 8 subvolumes, and assign each subvolume to
one processor, and a desktop with 8 processors is used. This multi-threading
technique greatly enhances the efficiency.
2.2

Computation of the tKL Divergence

Motivated by earlier use of KL divergence as a similarity measure between DTs
in literature [3], we use the recently introduced tKL [24] to measure the similarity between tensors. tKL has the property of being intrinsically robust to
noise and outliers, yields a closed form formula for computing the median (an
`1 -norm average) for a set of tensors, and is invariant to special linear group
transformations (denoted as SL(n)) – transformations that have determinant
one [24].
Note that order-2 SPD tensors can be seen as covariance matrices of zero
mean Gaussian probability density functions (pdf) [3]. Let P, Q ∈ SPD(l),
then their corresponding pdf are
 T −1 
1
t P t
p(t; P) = p
exp −
,
2
(2π)l det P
 T −1 
1
t Q t
q(t; Q) = p
exp −
,
l
2
(2π) det Q
and the tKL between them (in closed form) is given by,
R

δ(P, Q) = q

p log pq dt

log(det(P−1 Q)) + tr(Q−1 P) − m
= q
,
Q))2
1 + (1 + log q)2 qdt
2 c1 + (log(det
− c2 log(det Q)
4
R

2

2

2π)
l log 2π
where c1 = 3l
+ (l log42π) and c2 = l(1+log
.
4 +
2
2
Moreover, the minimization of the third term in (2)
X X
min
δ(D(x), D(y))
D(x)

x∈Ω y∈V(x)

leads to an `1 -norm average which was shown to have closed form expression [24].
In [24], this was called the t-center and was shown to be invariant to transformations from the SL(n) group, i.e., δ(P, Q) = δ(AT PA, AT QA), where det A = 1.
∗
Furthermore, given a set of SPD tensors {Qi }m
i=1 , its t-center P is given
by [24]
m
X
∗
P = arg min
δ(P, Qi ),
(4)
P

i

and P∗ is explicitly expressed as
P∗ = (

X
i

a
−1
P i Q−1
, ai =
i )
a
j
j

r
2

c1 +

!−1
(log(det Qi ))2
− c2 log(det Qi )
.
4

(5)

The t-center for a set of DTs is the weighted harmonic mean, which is in closed
form. Moreover, the weight is invariant to SL(n) transformations, i.e., ai (Qi ) =
T
∗
aP
i (A Qi A), ∀A ∈ SL(n). The t-center after the transformation becomes P̂ =
T
−1 −1
T ∗
m
( ai (A Qi A) ) = A P A. This means that if {Qi }i=1 are transformed
by some member of SL(n), the t-center will undergo the same transformation. It
is also found that the t-center is statistically robust to noise in that the weight
is smaller if the tensor has more noise [24].
2.3

The SPD Constraint

We now show how to guarantee the positive definiteness constraint on the diffusion tensors to be estimated from the DWI data. It is known that if a matrix
D ∈ SPD, their exists a unique lower diagonal matrix L with its diagonal values all positive, and D = LLT [27]. This is the Cholesky factorization theorem.
Many researchers [3] have used Cholesky factorization to ensure the positive
definiteness. They first compute L, enforcing the diagonal values of L to be
positive, and consequently, LLT will be positive. Unlike this technique, we use
Cholesky decomposition and tKL divergence to regularize the tensor field, and
this automatically ensures the diagonal values of L to be positive. The points
can be validated as follows.
Substituting D = LLT into (4), we get
P3
δ(L(x), L(y)) =

− log Lii (x)) + tr(L−T (y)L−1 (y)L(x)LT (x)) − 1.5
.
P
P
( 3
log L (y))2
c1 + i=1 4 ii
− c2 3i=1 log Lii (y)
(6)

i=1 (log Lii (y)

q

Because of using the log computation, Eq. (6) automatically ensures Lii s to be
positive, therefore we do not need to add the SPD constraint manually.

2.4

Numerical Solution

In this section, we present the numerical solution to the variational principle
(2). The partial derivative equations of (2) with respect to S0 and L can be
computed explicitly and are,
n
X

∂E
= − 2λ
Si − S0 exp{−bgiT LLT gi } exp{−bgiT LLT gi }
∂S0 (x)
i=1
X
− 2(1 − λ)
w(x, y)(S0 (x) − S0 (y)),
y∈V(x)
n
X


∂E
=4λ
Si − S0 exp{−bgiT LLT gi } S0 exp{−bgiT LLT gi }bLT gi giT
∂L(x)
i=1
− 2(1 − λ)

X

w(x, y)(L−1 (x) − LT (x)L−T (y)L−1 (y))
q
.
P
P3
( 3 log L (y))2
y∈V(x)
− c2 i=1 log Lii (y)
c1 + i=1 4 ii
(7)

To solve (7), we use the limited memory quasi-Newton method described
in [28]. This method is useful for solving large problems with a lot of variables,
as is in our case. This method maintains simple and compact approximations of
Hessian matrices making them require, as the name suggests, modest storage,
besides yielding linear rate of convergence. Specifically, we use L-BFGS [28] to
construct the Hessian approximation.

3

Experimental results

We evaluate our method on both synthetic datasets with various levels of noise,
and on real datasets. We compared our method with other state-of-the-art techniques including the techniques VF [5], NLMt [21] and NLM [21] respectively.
We also present the MRE method for comparison since several software packages in vogue use this technique due to its simplicity. We implemented VF and
NLMt by ourselves since we did not find any open source versions on the web.
For the NLM, we used existing code 2 for DWI denoising and used our own
implementation of the least squares fitting to estimate DTI from the denoised
DWI. To ensure fairness, we tuned all the parameters of each method for every
experiment, and chose the set of parameters yielding the best results. The visual
and numerical results show that our method yields better results than competing
methods.
3.1

DTI estimation on synthetic datasets

The synthetic data is a 16 × 16 tensor field with two homogeneous regions as
shown in Fig. 1(a). We let S0 = 5, b = 1500s/mm2 , and g be 22 uniformlyspaced directions on the unit sphere starting from (1, 0, 0). Substituting the
2
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DTs, S0 , b, g into the Stejskal-Tanner equation, we generate a 16 × 16 × 22
DWI S. One representative slice of S is shown in Fig. 1(b). Then following the
method proposed
in [17], we add Rician noise to S and get S̃, using the formula,
p
S̃(x) = (S(x) + nr )2 + n2i , where nr and ni ∼ N (0, σ). Fig. 1(c) shows the
slice in Fig. 1(b) after adding noise (SNR=10). By varying σ, we get different
levels of noise and therefore a wide range of signal to noise ratio (SNR). The
estimated DTI from using MRE, VF, NLMt, NLM, and the proposed method
are shown in Fig. 1. The figure shows that our method can estimate the tensor
field more accurately.
To quantitatively evaluate the proposed model, we compared the average of
the angle difference θ between the principle directions of the estimated tensor
field and the ground truth tensor field, and the difference S0 between the estimated and ground truth S0 . The results are shown in Table 1, from which it is
evident that our method outperforms others and the significance in performance
is more evident at higher noise levels. The average CPU time taken to converge
for our method on a desktop computer with Intel 8 Core 2.8GHz, 24GB of memory, GNU Linux and MATLAB (Version 2010a) is 7.03s, whereas, NLM requires
10.52s (note both methods are executed using parallel computing).

(a)

(e)

(b)

(c)

(f)

(g)

(d)

(h)

Fig. 1. (a) Ground truth synthetic DTI field, (b) the original DWI, (c) the Rician noise
affected DWI, estimation using (d) MRE, (e) VF, (f) NLMt, (g) NLM, and (h) the
proposed technique.

SNR error
MRE
50 θ
2.01 ± 1.21
S0 0.54 ± 0.09
40 θ
2.21 ± 1.25
S0 0.75 ± 0.17
30 θ
2.23 ± 1.29
S0 2.24 ± 2.16
15 θ
2.83 ± 1.71
S0 3.81 ± 2.24
8
θ
4.32 ± 2.34
S0 5.29 ± 4.36

VF
0.84 ± 1.02
0.66 ± 0.05
1.21 ± 1.32
0.75 ± 0.31
1.95 ± 1.39
1.03 ± 1.22
2.72 ± 1.51
1.91 ± 2.02
3.29 ± 2.58
2.48 ± 2.72

NLMt
0.89 ± 1.07
0.64 ± 0.08
1.57 ± 1.42
0.94 ± 0.41
1.83 ± 1.47
1.03 ± 1.31
2.56 ± 1.62
1.86 ± 1.87
2.82 ± 2.06
2.29 ± 2.32

NLM
0.60 ± 1.01
0.31 ± 0.04
0.72 ± 1.25
0.64 ± 0.30
0.76 ± 1.27
1.02 ± 1.21
1.47 ± 1.61
1.85 ± 1.77
2.02 ± 1.85
2.24 ± 2.19

proposed
0.58 ± 0.73
0.28 ± 0.01
0.61 ± 0.86
0.53 ± 0.27
0.68 ± 0.97
0.81 ± 0.69
0.82 ± 1.03
1.02 ± 0.87
0.87 ± 1.10
1.09 ± 0.92

Table 1. Error in estimated DTI and S0 , using different methods, from synthetic DWI
with different levels of noise.

3.2

DTI estimation on real datasets

We also did DTI estimation on a 124 × 96 × 40 3D rat spinal cord DWI. The
data was acquired using a PGSE technique with TR=1.5s, TE=28.3ms, bandwidth=35Khz, 22 diffusion weighted images with b-value about 1014s/mm2 .
The estimated tensor field is shown in Fig. 2. We compared our method with all
aforementioned methods, however due to space limit, we only present the results
of MRE and NLM. From these figures, we can see that our proposed method
can estimate a smoother tensor field which preserves the structure much better
compared with other methods.

(a)

(b)

(c)

Fig. 2. The figures are the one slice of the estimated tensor fields using (a) MRE, (b)
NLM, and (c) proposed method respectively.

We also did DTI estimation on a 100 × 80 × 32 3D rat brain DWI. The
data was acquired using a Bruker scanner under the Spin Echo technique with
TR=2s, TE=28ms, 52 diffusion weighted images with a b-value of 1334s/mm2 .

The FA and the principal eigenvectors of the estimated tensor field are shown in
Fig. 3, which showed the comparison of our method with MRE and NLM. The
results illustrate that our proposed method can estimate the tensor field more
accurately compared with others.

(a)

(d)

(b)

(e)

(c)

(f)

Fig. 3. The figures in the first row are the FA of the estimated tensor fields using (a)
MRE, (b) NLM, (c) proposed method, and (d)(e)(f) show the principal eigenvectors in
the ROI indicated with rectangles in (a), (b), and (c) respectively.

4

Conclusions

We proposed a robust variational non-local means approach for simultaneous
denoising and DTI estimation. The proposed method combines the variational
framework, non-local means and an intrinsically robust smoothness constraint.
In the variational principle, we used non-linear diffusion tensor fitting term,
along with a combination of non-local means and the tKL based smoothness for
denoising. To speed up the NLM method, we prefiltered the voxels in the search
window to reduce the number of computations and made use of parallel computing to decrease the computational load. This variational non-local approach
was validated with synthetic and real data and shown to be more accurate than
competing methods in the literature. We did not however compare with many
methods in literature that were already compared to the NLM technique in [21].
For future work, we plan to develop a GPU-based implementation to better the

computation time. We will also explore other quantitative measures of validation
such as method noise defined for tensors. After getting a more comprehensive
tensor estimation technique, we will utilize it as a preprocessing step for the
applications of fiber tracking and DTI segmentation.
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Abstract. Since Diffusion Tensor Imaging (DTI) cannot describe complex nonGaussian diffusion process, many techniques, called as single shell High Angular Resolution Diffusion Imaging (sHARDI) methods, reconstruct the Ensemble Average Propagator (EAP) or its feature Orientation Distribution Function
(ODF) from diffusion weighted signals only in single shell. Q-Ball Imaging (QBI)
and Diffusion Orientation Transform (DOT) are two famous sHARDI methods.
However, these sHARDI methods have some intrinsic modeling errors or need
some unreal assumptions. Moreover they are hard to deal with signals from different q-shells. Most recently several novel multiple shell HARDI (mHARDI)
methods, including Diffusion Propagator Imaging (DPI), Spherical Polar Fourier
Imaging (SPFI) and Simple Harmonic Oscillator based Reconstruction and Estimation (SHORE), were proposed to analytically estimate EAP or ODF from
multiple shell (or arbitrarily sampled) signals. These three methods all represent
diffusion signal with some basis functions in spherical coordinate and use plane
wave formula to analytically solve the Fourier transform. To our knowledge, there
is no theoretical analysis and practical comparison among these sHARDI and
mHARDI methods. In this paper, we propose a unified computational framework, named Analytical Fourier Transform in Spherical Coordinate (AFT-SC), to
perform such theoretical analysis and practical comparison among all these five
state-of-the-art diffusion MRI methods. We compare these five methods in both
theoretical and experimental aspects. With respect to the theoretical aspect, some
criteria are proposed for evaluation and some differences together with some similarities among the methods are highlighted. Regarding the experimental aspect,
all the methods are compared in synthetic, phantom and real data. The shortcomings and advantages of each method are highlighted from which SPFI appears to
be among the best because it uses an orthonormal basis that completely separates
the spherical and radial information.

1

Introduction

Diffusion MRI is to infer the microstructure of white matter by analyzing the diffusion
weighted MRI (DWI) signals. Under the narrow pulse assumption, the Fourier transThis work was partially granted by the French Government Award Program, the Natural Science Foundation of China
(30730035,81000634), the National Key Basic Research and Development Program of China (2007CB512305), the
French ANR “Neurological and Psychiatric diseases“ NucleiPark and the France-Parkinson Association.
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form of the normalized DWI signal E(q) = SS (q)
(0) is the Ensemble Average Propagator
(EAP) which describes the mean probability
over
the voxel of a displacement R in the
R
effective diffusion time τ [1]. P(R) = E(q)e−2πiq·R dq, where q is the wave vector in
q space and R is the displacement vector in R space, q = qr, R = Rr, u and r are unit
vectors.
In Diffusion Tensor Imaging (DTI) [2], the EAP P(R) under free diffusion assumption is a Gaussian distribution and the signal E(q) could be represented by a tensor
which is the covariance matrix of P(R). Although DTI has been wildly used in clinical
study, it cannot account for complex fiber configurations. Diffusion Spectrum Imaging (DSI) [3] estimates P(R) from hundreds of samples on a dense Cartesian grid via
numerical Fourier transform, which is impractical because of its long acquisition time.
Beyond DTI and DSI, Q-Ball Imaging (QBI) [4, 5] and Diffusion Orientation Transform (DOT) [6] are two famous sHARDI methods. QBI uses Funk-Radon Transform
to estimate the Orientation Distribution Function (ODF) ψ(u), from single shell data. It
is model free like DSI but needs less samples. However Funk-Radon Transform brings
some intrinsic modeling error, i.e. the so called blurring effect. Moreover, ODF is just
one of the features of EAP and it has no radial information. DOT assumes E(q) follows
mono-exponential decay, which means single shell data contain full information for data
in whole q space. It can analytically estimate the EAP profile P(R0 ) for a given radius
R0 . Although the mono-exponential decay assumption has been extended into multiexponential decay model [6], it needs many samples in radial part to estimate such a
mixture of mono-exponential decay model, which makes it impractical. So far most
sHARDI methods are still very hard to deal with multiple shell data. Recently, several
multiple shell HARDI (mHARDI) methods, Diffusion Propagator Imaging (DPI) [7, 8],
Spherical Polar Fourier Imaging (SPFI) [9–11] and Simple Harmonic Oscillator based
Reconstruction and Estimation (SHORE) [12], were proposed to handle multiple shell
(or even arbitrarily sampled) data. They all represent E(q) in spherical coordinate and
use plane wave formula to obtain the analytical solution for the EAP and ODF. The
three mHARDI methods are closely related and seem to work better in multiple shell
data than sHARDI methods. However, to our knowledge there is still no comparison
among them. Moreover, mHARDI methods in [8–12] were only performed on multiple
shell data. We still do not know whether they are better than those previous sHARDI
methods on single shell data.
In this paper, we cast these five methods (QBI, DOT, DPI, SPFI, SHORE) in a
unified framework named Analytical Fourier Transform in Spherical Coordinate (AFTSC), and compare them in both theoretical and experimental aspects. In theoretical aspect, some criteria were proposed for evaluation. And some differences and similarities
among methods were demonstrated. In experimental aspect, these methods were compared in synthetic, phantom and real data.

2

Analytical Fourier Transform in Spherical Coordinate
(AFT-SC)

AFT-SC. The central idea in QBI, DOT, DPI, SPFI and SHORE is to fit the E(q) with
some function sets and find the analytical relation between signal E(q) and EAP P(R)
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Table 1. Several Kinds of Analytical Fourier Transforms in Spherical Coordinate (AFT-SC)
Fkl (R) = 4π(−i)l

method

Rk (q)

Qk (u)

QBI
SHORE
SPFI

R(q) = δ(q − q0 )
Rnl (q) = Gnl (q, ζ)
Rn (q) = Gn0 (q, ζ)
R0l (q) = ( √qζ )l

Ylm (u)
Ylm (u)
Ylm (u)

DPI0
DPI1

Ylm (u)

R1l (q) = ( √qζ )−l−1
2

2

Rl (q) = ( qζ )l/2 exp(− q2ζ ) Ylm (u)

DOT1

Rn (q) = (

DOT2

2
( qζ )n

Rn (q) =

q
√ )2n
ζ

Ylm (u)

2
exp(− q2ζ )

Ylm (u)

R∞
0

Rk (q) jl (2πqR)q2 dq

T klm (r)

Fl (R) = 4π(−1) jl (2πq0 R)q20
Fnl (R) = (−1)n Gnl (R, 4π12 ζ )
l/2

Ylm (r)
Ylm (r)
Ylm (r)

formula (9)
−0.5l −1.5
F0l = (−1)l/2 ql+1.5
R Jl+1.5 (2πqmax R)
max ζ
l−0.5

F1l = (−1)l/2 R−1.5 ζ 0.5l+0.5 ( (πR)
−
Γ(l+0.5)

Jl−0.5 (2πqmax R)
)
ql−0.5
max
2 2

Fl (R) = 2l+1.5 ζ 0.5l+1.5 πl+1.5 Rl exp(−2ζπ R )
2n+l+3 πl+1.5 Rl Γ(1.5+0.5l+n) F (1.5+0.5l+n;1.5+l,2.5+0.5l+n;−π2 q
qmax
max R)
1 2
(−1)l/2 ζ n Γ(1.5+l)Γ(2.5+0.5l+n)
n+0.5l+1.5
0.5l+1.5
l+1.5
l
2
ζ
π
R Γ(n+0.5l+1.5)1 F1 (n+0.5l+1.5,l+1.5,−2ζπ2 R2 )
(−1)l/2 Γ(l+1.5)

Ylm (r)
Ylm (r)
Ylm (r)
Ylm (r)

or ODF ψ(u). Here we present them in the same framework, named AFT-SC. Assume
E(q) can be represented in (1) as a linear combination of functions {Bk (qu)}, where the
basis function Bk (qu) = Rk (q)Qk (u) separates radial part and spherical part.
E(q) =

K
X

ck Bk (qu) =

k=0

K
X

ck Rk (q)Qk (u)

(1)

k=1

By considering the well known plane wave formula in (2), where jl (x) is the l-th order
spherical Bessel function and Ylm (u) is the l order m degree Spherical Harmonics (SH),
P(R) can be represented by dual basis {Dk (R)} with the same coefficients {ck }. And
Dk (R) could be separated into radial integration Fkl (R) and spherical integration T klm (r)
in (4).
∞ X
l
X
e±2πiq·R = 4π
(±i)l jl (2πqR)Ylm (u)Ylm (r)
(2)
l=0 m=−l

P(R) =

K
X

ck Dk (R) =

k=0

Fkl (R) = 4π(−i)

Z

∞

Rk (q) jl (2πqR)q dq
0

ck Fkl (R)T klm (r)

(3)

k=0 l=0 m=−l
2

l

K X
∞ X
l
X

T klm (r) =

(Z
S2

)
Qk (u)Ylm (u)du

Ylm (r) (4)

Thus there is an analytical EAP estimation once Fkl (R) and T klm (r) have closed forms.
Since SH is the orthonormal basis which has been widely used in many domains such as
dMRI and graphics and E(q) and P(R) are both antipodally symmetric, it is reasonable
to choose Qk (u) as the real Spherical Harmonic with even l [5], which
R is 0still denoted
as Ylm (u) for simplicity. Then we have T klm (r) = Ylm (r), because S2 Ylm0 (q)Ylm (u) =
0
δmm
ll0 . Then different methods can be obtained by choosing different radial functions.
See table 1 for an overview and we will introduce them one by one in the following.
P L Pl
m
QBI. E(q) = l=0
m=−l clm δ(q − q0 )Yl (u) is used in QBI [4, 5, 9, 13] for a given q
shell at q = q0 . The analytical form Rof ODF could be obtained from several ways [5, 9,
∞
13]. In AFT-SC, Fkl (R) = 4π(−1)l/2 0 δ(q − q0 ) jl (2πqR)q2 dq = 4π(−1)l/2 jl (2πq0 R)q20 .
So the EAP in QBI as well as the ODF is obtained in (5), by considering ψ(r) =

4

J. Cheng et al.

√
R∞
πΓ(0.5l+0.5)
P(Rr)dR and 0 jl (x)dx = 2Γ(0.5l+1)
= (−1)l/2 π2 Pl (0), where Pl (0) is the Legendre polynomial of order l at 0. The ODF formula is the same as the one in [5, 9, 13],
however in AT-SC we can obtain the new form for EAP as well as ODF in QBI. To our
knowledge, the EAP formula has not been proposed before in QBI.
1
Z

R∞
0

L
l
q0 X X
clm 2πPl (0)Ylm (r)
Z
l=0 m=−l
l=0 m=−l
(5)
SHORE. SHORE expands E(q) into a linear combination of orthonormal basis
in (6) which is the solution of 3D quantum mechanical harmonic oscillator problem [12].
Actually this basis has been already used in the computation of the molecular electron orbitals and molecular docking [14, 15, 9]. The radial part of SHORE basis with
the scale ζ is shown in Gnl (q, ζ) (7), where Lnα (x) is the generalized Laguerre polynomial [14, 15, 12]. Please note that there is a small mistake in the exponential part in [12],
so we use the correct form in [14, 15]. Also please note the difference between the N in
formula (6) and Nmax in [12]. Nmax in [12] denotes the order of polynomial in radial part
which is 2N in our notation. Interestingly, the radial integration is analytically obtained
as the same form by using the property of Laguerre polynomial [16].

P(R) =

L X
l
X

clm 4π(−1)l/2 jl (2πq0 R)q20 Ylm (r) ψ(r) =

N X
n X
l
X

N X
n X
l
X

1
)Ylm (r)
2ζ
4π
n=0 l=0 m=−l
n=0 l=0 m=−l
(6)
!
"
#1/2
(n − l/2)!
q2 l/2
q2 l+1/2 q2
2
Gnl (q, ζ) = κnl (ζ)( ) exp −
L
κnl (ζ) = 3/2
( )
ζ
2ζ n−l/2 ζ
ζ Γ(n + l/2 + 3/2)
(7)
SPFI. SPFI was first proposed in [9] with a numerical EAP estimation. Then the
analytical solution was given in [11]. The signal in SPFI is represented in (8) which
is closely related with SHORE. However, the radial integration Fnl (R) shown in (9) is
totally different from SHORE, where 1 F1 is the confluent hypergeometric function [11].
E(q) =

E(q) =

cnlmGnl (q, ζ)Ylm (u)

N X
L X
l
X
n=0 l=0 m=−l

Fnl (R) =

P(R) =

cnlmGn0 (q, ζ)Ylm (u)

P(R) =

cnlm (−1)nG(R,

N X
L X
l
X

cnlm Fnl (R)Ylm (r) (8)

n=0 l=0 m=−l

!
n
2i + l + 3
3
ζ 0.5l+1.5 πl+1.5 Rl κn0 (ζ) X n + 0.5 (−1)i 0.5l+i+1.5
2
Γ(0.5l+i+1.5)1 F1 (
; l+ ; −2π2 R2 ζ)
(−1)l/2 Γ(l + 1.5) i=0 n − i
i!
2
2
(9)

DPI0 . DPI in [8], called DPI0 here, assumes the signal E(q) is the solution of 3D
P PL Pl
q
m
√ l
Laplace equation, i.e. E(q) = 1n=0 l=0
m=−l cnlm Rnl (q)Yl (u), where R0l (q) = ( ζ )

and R1l (q) = ( √qζ )−l−1 . Please note that here we introduce the scale parameter ζ in DPI0
motivated by SHORE and SPFI. It is the same as the original DPI in [7, 8] if ζ = 1.
If ζ , 1, it is equivalent with the original one but more numerically stable when an
appropriate ζ is chosen. For the original DPI, one need to choose carefully the unit for
numerical stability in least square
√ estimation as suggested by the authors [8]. Here we
can choose a scale ζ so that q/ ζ is independent with unit. Experimentally we choose
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ζ = 0.5q2max for good numerical stability, where qmax is the maximum q value for DWI
signals. In DPI0 , the radial integration Fnl (R) can not be analytically solved, and the
author in [8] introduced qmax and approximate Fnl (R) using the integration from 0 to
qmax , which could be found in table 1 [8]. Beyond DPI0 , we propose DPI1 which only
P L Pl
q
m
√ l
uses regular terms in DPI0 , i,e, E(q) = l=0
m=−l clm Rl (q)Yl (u), Rl (q) = ( ζ ) . We
will discuss it later.
DOT0 and DOT1 . The original DOT, called DOT0 here, assumes E(q) follows
mono-exponential decay [6], i.e. E(q) = exp(−4π2 q2 A(u)). Actually DOT0 cannot be
contained in AFT-SC framework because E(q) in DOT cannot be separated into radial
part and spherical part (1). The author in [6] analytically solved the radial integration
in (10) for the given samples {E(qi )}. Then the inner product between Il (R, u) and Ylm (u)
in the spherical integration (11) was solved numerically using least square fitting for the
samples {Il (R, ui )} obtained in (10).
Il (R, u) = 4π(−1)

Z

2

∞

E(q) jl (2πqR)q dq =
2

l/2
0

R
)
Rl Γ(0.5l + 1.5)1 F1 (0.5l + 1.5, l + 1.5, − 4τA(u)

(−1)l/2 2l+1 π0.5 (A(u)τ)0.5l+1.5 Γ(l + 1.5)
(10)
)
(Z
Il (R, u)Ylm (u)du Ylm (r)
(11)
P(R) =
S2

Please note there is no full representation for E(q) and P(R), because one needs to
re-estimate P(R) in different R. Although DOT0 is not contained in AFT-SC, it is still
P
m
possible to explain DOT0 in AFT-SC framework. We can represent A(u) = lm am
l Yl (u)
P∞ (−4π2 q2 )n P m m
P
and expand E(q) = n=1 n! ( lm al Yl (u))n = nlm cnlm q2n Ylm (u), where cnlm can
be analytically obtained from am
l by expanding the product of two SHs in terms of SHs
itself with the Clebsch-Gordan coefficients. We call the modified representation of DOT
as DOT1 , which separates spherical part and radial part. DOT1 is equivalent with DOT0
m
if {am
l } is estimated from DWI samples and {cnlm } is calculated from {al }. But alterna2
P
tively we can fit the signal directly with the representation E(q) = nlm cnlm ( qζ )n Ylm (u),
where ζ is the fixed scale parameter. In this case DOT1 is not DOT any more and more
similar with DPI. It does not assume mono-exponential decay and works for multiple
shell data. Similarly with DPI there is no analytical form for radial integration. Thus
we introduce qmax for the integration from 0 to qmax [16]. See table 1, where 1 F2 is the
generalized hypergeometric function.

3

Theoretical Comparisons

Based on AFT-SC framework, it seems to be an easy job to deduce an analytical EAP
reconstruction and we can have many analytical EAP estimation including the given
five. Then which one is better? We propose some criteria for evaluation.
Completeness. In AFT-SC, E(q) is represented by a linear combination of some
basis functions {Bi (q)} in (1). {Bi (q)} is complete if it can represent any symmetric
square integrable E(q) in 3D space. Completeness means more samples we have, better
reconstruction we get. If all DWI samples are known in whole q space, the samples
will be fitted without any modeling error. QBI assumes E(q) exists only on the sphere
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S2 and DOT0 assumes mono-exponential decay, so QBI and DOT0 are not complete
in R3 . SHORE basis is complete because it is the eigenfunction of Sturm-Liouville
equation. SPF basis is complete because {Ylm (u)} is complete in S2 and Ln1/2 (x) is complete in [0, ∞) with the weight x1/2 exp(−x). DPI0 is not complete because not every function satisfies Laplace’s equation. Based on Weierstrass theorem the continuous E(q) in the ball with a given radius can be uniformly approximated by a polyP
nomial function, i.e. E(q) = i jk ai jk qix qyj qkz . Because E(q) is symmetric, i + j + k is
even, say 2n. Then by representing every monomial via spherical coordinate, we have
P
E(q) = nlm cnlm ( √qζ )2n Ylm (u), which means the basis in DOT1 is complete for E(q)
inside a ball. However for both DPI and DOT1 , since only finite terms are used, the
represented E(q) tends to ∞ as q increases. It contradicts with the fact that E(q) tends
to 0 when q increases, which means DPI and DOT1 have intrinsic modeling error in
the region with large q. So the qmax is needed for an incomplete integration. However,
if qmax is chosen as the maximal q values of DWI signals like [8], the estimated EAPs
are less anisotropic because of incomplete integration, which means DPI0 and DOT1
cannot work well with DWIs with only small b values. And if qmax is chosen as a large
value, the estimated EAPs are likely noisy because of the modeling error in the area
with large q value.
Representability.
We know three priors (P1, P2 and P3) for E(q). P1: E(0) = 1
R
because R3 P(R)dR = 1. P2: E(q) tends to 0 when q tends to ∞. P3: E(q) radially
decays like (but NOT) a Gaussian. Please note that the estimated P(R) is globally affected by E(q) in whole q space because Fourier Transform is a global transform. So
even though one method can fit the given samples of the DWI well, it does not mean
the estimated EAP is good. For the signal fitting in existing works, the given samples
have been well considered. The results will be better if the model can also consider
these priors. The model which satisfies these priors has good results, even if it is not
complete, e.g. mixture of tensor model. QBI satisfies none of the priors. In practice
we find the EAP in QBI has many negative values especially when R > 10µm, which
is probably because QBI is lack of representability. DOT0 automatically considers the
first two, while it assumes mono-exponential decay. SHORE and SPFI consider the
second and third in their model. For E(0) = 1, SHORE, SPFI and DOT1 can add the
shell of b = 0 into estimation process as suggested in [11, 10]. While DPI cannot consider b = 0 in estimation because E(0) does not exist in DPI model. Moreover, in
DPI as well as DOT1 E(q) tends to ∞ when q increases and many radial terms are
needed if one uses polynomials to approximate a Gauss-like decay. So even though
DPI may fit the given DWI signals well as shown in [8], the estimated EAP is problematic. Motivated by SHORE and SPFI, we can avoid the problem by adding exponential term into DPI and DOT1 and ignoring irregular terms in DPI. Then we have
2
P
q2
two new methods, DPI1 where E(q) = lm clm ( qζ )l/2 exp(− 2ζ
)Ylm (u), and DOT2 where
2
2
P
q
E(q) = nlm cnlm ( qζ )n exp(− 2ζ
)Ylm (u). Similarly with SHORE and SPFI, they both satisfy all three priors. And DOT2 is equivalent with SPFI because after Gram-Schmidt orthonormalization in radial part, DOT2 will become SPFI. So DOT2 is complete. While
DPI1 is not because DPI1 now assumes E(q) is a harmonic polynomial multiplied by a
Gaussian. DOT2 and DPI1 both have analytical EAP forms based on the result in [11]
and we do not need qmax any more. See table 1.
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Separation information between spherical and radial parts. Please note the important difference between the basis functions in SHORE, SPFI and DPI0 . DPI0 is lack
of representability partially because it coupled radial information and spherical information together. For example DPI0 cannot represent an isotropic Gaussian function,
because isotropic function forces l = 0 in SHs in spherical part, then in radial part
R00 = 1 and R10 = ( √qζ )−1 which contradict with Gaussian function. In SPFI the radial
part and spherical part are completely separated, which allows one chooses higher order
in spherical part but low order in radial part. While in SHORE, n − l/2 ≥ 0 is forced
in (6), which means for a given l in spherical part, the corresponding order of power
in radial part is 2n ≥ l. In SPFI, the minimal order for anisotropy diffusion is N = 1,
L = 4, which means it contains SH of order 0, 2, 4 and power 0, 2 in radial part. In
SHORE, the minimal order is N = 2 (Nmax = 4 in [12]), which means it contains SH
of order 0, 2, 4 and power 0, 2, 4 in radial part. Besides it can be proved that the functional space spanned by SHORE basis {Gnl Ylm }n≤N with order n ≤ N is a subspace of
the space spanned by SPF basis {Gn0 Ylm }n≤N,l≤2N with radial order n ≤ N and spherical
order l ≤ 2N. Thus if order N is enough to represent the signal in SHORE, radial order
N and spherical order 2N is also enough for representation in SPF basis. However if
limited samples with low SNR are given for estimating the coefficients, a truncated basis is needed to avoid overfitting. Then SHORE basis with higher power order in radial
part may have some overfitting effects, and the effect will be enhanced when larger N
(6 or 8) is used.
Orthogonality and stability. In approximation theory, complete orthonormal basis is preferred because monomial basis is known to have poor numerical stability and
the coefficients under orthonormal basis are independent with the basis order chosen
in Least Square approximation if all samples are known. For example, if exhaustive
samples of diffusion signal are known in a single shell, the coefficients under Spherical
Harmonics are independent with the chosen order in least square fitting, while the coefficients under High Order Tensor basis is dependent on the chosen order [17], although
these two bases are both complete in S2 . The bases in DOT1 DOT2 and DPI0 DPI0 are
not orthogonal. SHORE and SPFI use orthonormal bases in R3 while QBI and DOT0
uses orthonormal bases only in S2 . When orthonormal basis {Bk (q)} is used to represent
E(q), its Fourier dual basis {Dk (R)} that represents P(R) is still orthonormal because of
the Parseval’s theorem.
Single shell and multiple shells. These mHARDI methods can work for multiple
shell data. However, when only single shell data are given, these methods are unstable.
Let’s take SPFI as an example. In SPFI, for a given q0 , the ratio between two basis
R (q )Y m (u)
functions Rnn0 (q00 )Ylm (u) is a constant independent with u, which means these two basis
l
functions with same l and m but different n are undistinguishable for single shell data.
When least square is used to estimate the coefficients, the basis matrix is rank deficient
with very large conditional number. To solve this problem, one can consider the shell
of b = 0, which means two shells are used for single shell data [11, 10]. However, DPI0
can not consider b = 0, so it is unstable.
Summary. SHORE and SPFI use 3D complete orthonormal basis and have the best
representability. SHORE require higher orders in radial part than SPFI which completely separate the information between spherical and radial part. SHORE and SPFI
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Table 2. Some Criteria for Evaluating Methods. P1, P2 and P3 are three priors.

method
QBI
SHORE
SPFI
DPI0
DPI1

Rk (q)
R(q) = δ(q − q0 )
Rnl (q) = Gnl (q, ζ)
Rn (q) = Gn0 (q, ζ)
R0l (q) = ( √qζ )l
R1l (q) = ( √qζ )−l−1

Qk (u) Completeness P1 P2 P3 orthogonal single shell Separation
Ylm (u)
in S2
No No No
in S2
Yes
Yes
m
Yl (u)
Yes
Yes Yes Yes
Yes
Yes
No
Ylm (u)
Yes
Yes Yes Yes
Yes
Yes
Yes
Ylm (u)

No

No No No

No

No

No

Rl (q) = ( qζ )l/2 exp(− q2ζ ) Ylm (u)

No

Yes Yes Yes

No

Yes

No

in a ball

Yes No No

No

Yes

Yes

Yes
in S2

Yes Yes Yes
Yes Yes No

No
in S2

Yes
Yes

Yes
Yes

2

2

q2

DOT1

Rn (q) = ( ζ )

DOT2
DOT0

Rn (q) = ( qζ )n exp(− q2ζ )
—

2

n
2

Ylm (u)
Ylm (u)
—

are well appropriate for both single and multiple shell data, while DPI0 is unstable in
single shell data and work only for multiple shell data with large b values. Please see
Table 2 for more information.

4

Experimental Comparisons

Due to limited space, we only compare QBI, DOT0 , DPI0 , SPFI and SHORE in experiments. Please note that SHORE uses quadratic programming with nonnegative constraints to estimate the coefficients [12]. Actually all these five methods can use convex
optimization with constraints for a better reconstruction. However, to perform a fair
comparison, we implement SHORE and SPFI via least square with regularization λl in
spherical part and λn in radial part and the scale ζ is set from typical diffusion coefficient
as suggested in SPFI [9, 11, 10]. Least square with Laplace-Beltrami regularization is
used for QBI, DOT0 and DPI0 [5, 6, 8]
Synthetic data. We generate synthetic data using Söderman cylinder model [6]. The
parameters are set as the same in [6]: length L = 5mm, radius ρ = 5µm, free diffusion
coefficient D0 = 2.02 × 10−3 mm2 /s, ∆/δ = 20.8/2.4ms. DWI data were generated in 3
shells with b value 500/1500/3000s/mm2 , 60 evenly distributed samples per shell.
In the noise free experiment, the data was generated from two fibers crossing with
90o along x-axis and y-axis. The ground truth signal in x-y plane was visualized in
Fig. 1, which also showed the reconstructed signals in the five methods. L = 8 and
λl = 10−9 were set for QBI, DOT0 and DPI0 , L = 8, N = 4 and λl = λn = 10−9 for SPFI
and SHORE. For DOT0 , the signal samples on single shell of b = 1500s/mm2 suggested
in [6] was used to extrapolate the signal in other positions based on mono-exponential
decay assumption. The single shell samples was also used to estimate the coefficients
for QBI. Please note in QBI, the signal inside and outside the q-ball was forced to zero
as we have discussed. Three shell samples were used in DPI0 , SPFI and SHORE. We
also plotted the values along given two lines where Line1 is along y-axis and Line2
has 45o azimuth. In Line1, the curves obtained from SPFI and SHORE are more closed
to the ground truth and better than DOT0 . while in Line2 SPFI, SHORE and DOT0
obtained very similar results with the ground truth. DPI0 gave the worst results where
signal tends to infinity as q increases, the origin point is singular, and the signal near the
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Fig. 1. The left side shows the ground truth signal and the reconstructed signals from 5 methods
in x-y plane. Please note the origin point in DPI is singular, so we set it as the mean of the 4 points
in its neighborhood. The right side shows the signal values on two lines (Line1 and Line2).

origin has unacceptable very large absolute value. The reconstructed signal from DPT0
is a polynomial along each direction, not a Gaussian-like decay. QBI only considers the
signal in the q-ball and does not extrapolate signal in q-space, which is inappropriate
for EAP estimation since Fourier transform is a global transform.
The performance on detecting fiber directions of the five methods were compared
with the data corrupted by Rician noise. The noise was added for 1000 trials with
SNR=10. EAP profile at 15µm was estimated from DOT0 , DPI0 , SPFI and SHORE.
ODF instead of EAP in QBI was estimated because EAP in QBI has many negative values especially when R > 10µm. The maxima of EAP profiles or ODFs were detected.
And the successful ratio to detect 2 maxima was recorded. The mean difference of angle (MDA) was calculated from the successful trials. An truncated basis is needed for
the data corrupted by noise. For DOT0 , QBI and DPI0 we set L = 4 and λl = 0.006
suggested in [5]. For SPFI, L = 4, N = 1 and λl = λn = 1e − 8 suggested in [11]. For
SHORE, please note that N = 3 (Nmax = 6 in [12]) used in [12] does not work well
when SNR= 10. Thus we set N = 2 (Nmax = 4) and λl = λn = 1e − 8 for SHORE
similarly with SPFI. Fig. 2 shows the results of SPFI, SHORE and DPI using 3 shells
and the results of five methods using only single shell at b = 1500s/mm2 . We use the
shell at b = 1500s/mm2 because the data at 3000s/mm2 has relatively lower SNR and
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Fig. 2. A: success ratio (solid lines) and MDA (dashed lines) for SPFI, SHORE and DPI in 3
shells; B: success ratio for five methods in single shell with b = 1500; C: MDA for five methods
in single shell with b = 1500.

1500 was suggested for DOT in [6]. It is clear in Fig. 2 that SPFI has best results among
mHARDI methods using 3 shell data, while it has similar results with SHORE in single
shell data. SPFI and SHORE obtain better results even for single shell data than other
methods. DOT and QBI are better than DPI in single shell data, probably because DPI
is unstable in single shell data, or because qmax calculated from b = 1500 is small considering the maximal b value 8000 is used in [8]. It is worth to see that for SHORE and
SPFI when crossing angle is small the results from single shell data are a little better
than the results from three shells. It is probably because the data at b = 3000 have too
much noise and relatively low SNR.
Phantom data. The five methods were performed on the public phantom data with
3 shells (500/1500/2000s/mm2 ) which was used in Fiber Cup in MICCAI 2009 [18].
The same parameters were used in methods as the above synthetic data. EAPs at 15µm
were estimated from 3 shells in SPFI, SHORE and DPI and from single shell with
b = 2000s/mm2 in DOT. The single shell data was also used to estimate ODF in QBI.
The ground truth of fiber directions was shown in Fig. 3. And two regions (R1, R2)
were enlarged to show the EAP profiles ODFs. Compare to the ground truth, SPFI and
SHORE work well in two regions and they have similar results. The results of DPI are
much smooth. DOT and QBI has smooth results in R1 but noisy results in R2.
Real data. The five methods were also compared on a real monkey data with 3
shells (500/1500/3000 s/mm2 ). Each shell has only 30 samples. The same parameters
were used in methods as the synthetic and phantom data. EAPs at 15µm were estimated from 3 shells in SPFI, SHORE and DPI and from single shell with b = 1500 in
DOT. ODFs in QBI were estimated from the signal shell data. An enlarged region was
shown in Fig. 3. GFA map [4] is calculated in each method and used for the glyph color
and background. Please note that we did not perform min-max normalization [4, 5], so
ODFs in QBI are less anisotropic. EAPs in DPI are also less anisotropic, because we
did not do normalization like [8] and the maximal b value for qmax used here is 3000,
while 8000 is used in [8]. SHORE and SPFI have similar results which are better than
DOT and others. The result from SHORE seems to have sharper glyphs than SPFI. To
test our discussions on the difference between SHORE and SPFI, we add Rician noise
with SNR=20 to the original DWI data, then estimate the EAPs from the noisy data. For
the noisy data, SHORE obtains noisy results especially in isotropic regions, which vali-
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Fig. 3. The first row is for phantom data. From left to right: the ground truth of fiber direction,
and the EAPs/ODFs in two enlarged regions R1 and R2 under 5 methods. A crossing area is
highlighted in red box. The second and third rows are for real data. From left to right: GFA
map calculated from EAP in SPFI and an enlarged region with EAPs/ODFs in five methods. The
results from original data and noisy data using SPFI and SHORE were shown in the third row.
GFA map is calculated from the glyphs and used for the glyph color and background.

dates our previous discussion that SHORE probably has some overfitting effect because
it forces higher order in radial part than SPFI. This effect may result in more crossings
which are false positive. The result from noisy data in SPFI is very similar with the
result from the original data, which means SPFI is robust to noise because low order is
used in radial part.

5

Conclusion

In this paper, we proposed a unified computational framework named Analytical Fourier
Transform in Spherical Coordinate (AFT-SC) to analyse and compare state-of-the-art
single and multi-shell Ensemble Average Propagator estimation methods in High Angular Resolution Diffusion Imaging. Three mHARDI methods (DPI, SPFI, SHORE) and
two sHARDI methods (QBI, DOT) were compared both theoretically and experimentally on synthetic, phantom and real data. With respect to the theoretical aspect, some
criteria have been proposed for evaluation, including completeness, representability,
separation information between spherical and radial parts, orthogonality and stability.
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Some differences and similarities among the methods have been highlighted. For instance, we have shown that DPI is unstable in single shell data while SHORE requires
high order in radial part. The experiments have shown that SHORE and SPFI are the
best for single shell data, while DPI only works for multiple shell data with large b values. For multi-shell, SPFI appears to perform better than SHORE and the other methods, partly due to the fact that it uses an appropriate orthonormal basis that completely
separates the spherical and radial information.

References
1. Callaghan, P.T.: Principles of nuclear magnetic resonance microscopy. Oxford University
Press (1991)
2. Basser, P.J., Mattiello, J., LeBihan, D.: MR diffusion tensor spectroscropy and imaging.
Biophysical Journal 66 (1994) 259–267
3. Wedeen, V.J., Hagmann, P., Tseng, W.Y.I., Reese, T.G., Weisskoff, R.M.: Mapping Complex Tissue Architecture With Diffusion Spectrum Magnetic Resonance Imaging. Magnetic
Resonance In Medicine 54 (2005) 1377–1386
4. Tuch, D.S.: Q-ball imaging. Magnetic Resonance in Medicine 52 (2004) 1358–1372
5. Descoteaux, M., Angelino, E., Fitzgibbons, S., Deriche, R.: Regularized, Fast and Robust
Analytical Q-ball Imaging. Magnetic Resonance in Medicine 58 (2007) 497–510
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Abstract. In diffusion MRI (dMRI) domain, many High Angular Resolution
Diffusion Imaging (HARDI) methods were proposed to estimate Ensemble Average Propagator (EAP) and Orientation Distribution Function (ODF). They normally need many samples, which limits their applications. Some Compressive
Sensing (CS) based methods were proposed to estimate ODF in Q-Ball Imaging (QBI) from limited samples. However EAP estimation is much more difficult than ODF in QBI. Recently Spherical Polar Fourier Imaging (SPFI) was
proposed to represent diffusion signal using Spherical Polar Fourier (SPF) basis without specific assumption on diffusion signals and analytically obtain EAP
and ODF via the Fourier dual SPF (dSPF) basis from arbitrarily sampled signal. Normally the coefficients of SPF basis are estimated via Least Square with
weighted `2 norm regularization (`2 -SPFI). However, `2 -SPFI needs a truncated
basis to avoid overfitting, which brings some estimation errors. By considering
the Fourier relationship between EAP and signal and the Fourier basis pair provided in SPFI, we propose a novel EAP estimation method, named `1 -SPFI, to
estimate EAP from limited samples using CS technique, and favorably compare
it to the classical `2 -SPFI method. `1 -SPFI estimates the coefficients in SPFI using least square with weighted `1 norm regularization. The weights are designed
to enhance the sparsity. `1 -SPFI significantly accelerates the ordinary CS based
Fourier reconstruction method. This is performed by using SPF basis pair in CS
estimation process which avoids the numerical Fourier transform in each iteration
step. By considering high order basis in `1 optimization, `1 -SPFI improves EAP
reconstruction especially for the angular resolution. The proposed `1 -SPFI was
validated by synthetic, phantom and real data. The CS EAP and ODF estimations
are discussed in detail and we show that recovering the angular information from
CS EAP requires much less samples than exact CS EAP reconstruction. Various
experiments on synthetic, phantom and real data validate the fact that SPF basis can sparsely represent DW-MRI signals and `1 -SPFI largely improves the CS
EAP reconstruction especially the angular resolution.

1

Introduction

Diffusion MRI (dMRI) is to recover the information of biological tissues by modeling
water diffusion. Diffusion process is fully described by the Ensemble Average Propagator (EAP) P(R), which is the probability of the displacement vector R in R-space.
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Under the narrow pulse assumption, P(R) in (1) is the Fourier Transform of the signal
attenuation E(q) [18], where q = qu is the wavevector in q-space, R = Rr.
P(R) =

Z
E(q) exp(−2πiq · R)dq,

(1)

The most widely used EAP estimation method is Diffusion Tensor Imaging (DTI) [2],
which estimates EAP from at least 6 Diffusion Weighted Imaging (DWI) samples by
assuming a Gaussian distribution. However, Gaussian assumption can not handle complex fiber configuration. Diffusion Spectrum Imaging (DSI) [18] uses numerical Fourier
Transform for EAP estimation. which needs a dense 3D sampling. Q-Ball Imaging
(QBI) [16, 9] and Diffusion Orientation Transform (DOT) [13] are two well known
single shell High Angular Resolution Imaging (HARDI) method. They estimate ODF
and EAP from single shell data. However, QBI suffers from intrinsic modeling error
in Funk-Radon Transform and DOT assumes mono-exponential decay. Spherical Polar
Fourier Imaging (SPFI) [1, 6, 7], a recent multiple shell HARDI method, was proposed
to handle multiple shell (or arbitrarily sampled) data. SPFI can analytically estimate
ODF and EAP without any specific assumption by representing the signal E(q) using
Spherical Polar Fourier (SPF) basis. A classical Least square method was proposed to
estimate the coefficients of SPF basis with weighted `2 norm regularization [1, 6, 7],
which is called `2 -SPFI. Compared to DTI which works with less than 30 samples,
HARDI methods like QBI, DOT and SPFI often need about more than 60 DWI samples
for ODF/EAP estimation, which limits their application.
Compressive sensing (or compressed sensing) (CS) [5, 4] is a novel technique to
robustly reconstruct signal from only a small number of samples when the Nyquist
condition is not necessarily met. In MRI field, CS has been successfully applied to
reconstruct MRI from measurements in K-space, named Sparse MRI [10]. In dMRI
field, [12] used Spherical Ridgelets to recover single shell signal E(q) defined only
in S2 from a small number of samples and estimate ODF by Funk-Radon Transform.
However, EAP estimation is much more difficult since it needs to recover E(q) in whole
3D space R3 . [11] is the first paper for CS EAP estimation. It directly applied the
Sparse MRI in K-space [10] to q-space for EAP estimation. However, it did not consider
any sparse representation of EAP and numerical Fourier Transform is needed in each
iteration like Sparse MRI [10].
In this paper, by considering the orthonormal basis pair provided in SPFI, we propose a novel CS EAP estimation method, named `1 -SPFI. It uses least square with
weighted `1 regularization method, also named as Least Absolute Selection and Shrinkage Operator (LASSO) [15, 19], to estimate the coefficients of SPF basis. `1 -SPFI accelerates the ordinary CS method by avoiding numerical Fourier transform in each iteration. The proposed `1 -SPFI was compared with `2 -SPFI [1, 6, 7] in synthetic, phantom
and real data.

2

`2 -Spherical Polar Fourier Imaging

SPF basis and Fourier dual SPF basis. SPFI is a model-free, fast, regularized, robust
method to estimate EAPs without any specific assumption on signals [1, 6, 7]. In SPFI,
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E(q) is represented by an orthonormal basis {Bn,l,m (q)} in (2), named SPF basis, where
ζ is a fixed scale parameter, Rn (q) is the Gaussian-Laguerre (GL) function and Ylm (u)
is the l order m degree Spherical Harmonic (SH). {Bnlm } is an orthonormal basis in R3 ,
which means E(q) can be represented within any given tolerant error if we choose N and
L big enough. [7] proved that when the coefficients {anlm } of E(q) under SPF basis are
known, the EAP P(R) could be analytically obtained in (4) from the same coefficients
{anlm }, where 1 F1 is the confluent hypergeometric function of the first kind.
E(qu) =

N X
L X
l
X

an,l,m Rn (q)Ylm (u)

Bn,l,m (q) = Rn (q)Ylm (u)

(2)

n=0 l=0 m=−l

Rn (q) = κn (ζ) exp −
P(Rr) =

!
q2 1/2 q2
L ( )
2ζ n ζ

N X
L X
l
X

anlm Fn,l (R)Ylm (r)

"
κn (ζ) =

2
ζ 3/2

n!
Γ(n + 3/2)

#1/2

Dnlm (R) = Fnl (R)Ylm (r)

(3)

(4)

n=0 l=0 m=−l

Fnl (R) =

!
n
2i + l + 3
3
ζ 0.5l+1.5 πl+1.5 Rl κn (ζ) X
i n + 0.5 1 0.5l+i+1.5
(−1)
2
Γ(0.5l+i+1.5)1 F1 (
; l+ ; −2π2 R2 ζ)
(−1)l/2 Γ(l + 1.5) i=0
n − i i!
2
2
(5)
0 0

0

Because of Parseval’s theorem, i.e. δnnlml m = hBnlm (q)Bn0 l0 m0 (q)i = hDnlm (R)Dn0 l0 m0 (R)i,
{Dnlm (R)} is actually an orthonormal basis in R space, called Fourier dual Spherical
Polar Fourier (dSPF) basis, So SPFI actually provides two orthonormal basis, i.e. SPF
{Bnlm (q)} in q space for E(q) and dSPF {Dnlm (R)} in R space for P(R). The EAP profile and two kinds of ODFs can be analytically obtained from {anlm } [6, 7]. It has been
demonstrated in [1, 6, 7] that the DWI signal E(q) we focus in dMRI could be represented with only a few orders of SPF basis. It works well with L = 4 or 6 and N = 1, 2, 3
in [1, 6, 7] and the nonzero coefficients concentrate in low orders (L ≤ 8, N ≤ 4). That
means SPF and dSPF are appropriate sparse bases for E(q) and P(R) based on the definition of sparsity [5, 4]. Please note that although the basis {Bnlm } with order N and L
is used in estimation process, most elements in the estimated coefficients {anlm } (l ≤ L,
n ≤ N) are actually close to zero, which means again SPF and dSPF basis are appropriate sparse bases. Please see the experiments in Section 4.
`2 -SPFI. The central problem in SPFI is to find a robust and fast estimation of
{anlm } from limited number of DWI samples. The classic Least Square estimation with
weighted `2 norm (LS-L2), denoted by `2 -SPFI, is normally used [1, 6, 7]. In `2 -SPFI,
coefficient vector A = (a000 , ..., aNLL )T is analytically obtained from the solution of
LS-L2 problem in (6), which is the regularized solution of the linear system MB A = E.
A = arg min ||MB A − E||22 + AT ΛA = (MBT MB + Λ)−1 MBT E

(6)

where E = [E(qi )] is the signal vector, MB = [Bnlm (qi )] is the basis matrix and Λ =
[Λnlm ] is the diagonal matrix with two parts of regularization weights, Λnlm = λn n2 (n +
1)2 + λl l2 (l + 1)2 , λn and λl are regularization parameters for spherical and radial parts.
This kind of weighting scheme is motivated by Laplacian-Beltrami regularization in
QBI [9] and has been proved useful in [1, 6, 7].
Limitations of `2 -SPFI. Although `2 -SPFI is very fast and works well even for
the data with low SNR, low anisotropy and non-exponential decay [6, 7], it has two
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natural limitations. First, it needs a highly truncated basis, e.g. N = 1 and L = 4,
to avoid overfitting because of limited samples with large noise, which brings some
estimation errors and reduces the angular resolution. We may need high order basis
for more accurate reconstruction. Second, `2 optimization cannot give a sparse solution
for a exact reconstruction from limited number of samples based on CS theory [5, 4].
Please see the synthetic data experiments in Section 4.

3

CS EAP Estimation via `1 -Spherical Polar Fourier Imaging

CS Theory. CS theory is a very hot topic nowadays and has many applications [5, 10].
It can robustly and accurately recover signals from undersampling measurements. If
the sampling rate is higher than Nyquist rate, the signal can be reconstructed exactly by
interpolating the samples with sinc function. Shannon sampling theory does not need
any assumption. However if some priors of the signal are known, we can do better than
Shannon reconstruction. CS theory provides some elegant theoretical tools to exactly
reconstruct signals based on sparse assumption [5, 4]. A signal, denoted by f ∈ RN , is
said K-sparse if it has only K nonzero elements with K  N. Normally the elements
of signal are nonzero, but we almost always can choose a good basis {Ψi (t)} in RN
to represent the signal with only a small number of coefficients. Then the signal f is
called sparse in Ψ domain and it can be represented by coefficient vector x, i.e. f (t) =
P
i Ψi (t)xi , The matrix representation is f = Ψ x, where Ψ is the N × N matrix with {Ψi }
as its columns. Denote Φ as the M × N measurement matrix and y as the observation
vector, i.e. y = ΦΨ x+z, where z is noise, and Θ = ΦΨ is called the sensing matrix. CS is
to recover the coefficients x via `1 optimization problem in (7), where λ is chosen based
on the noise level. It has been proved [5, 4] that if the matrix Θ has good Restricted
Isometry Property (RIP), the `1 optimization is equivalent with L0 optimization and the
solution x∗ in (7) will be exact, i.e. x∗ is the the sparse vector in L0 optimization.
x∗ = arg min ||Θx − y||22 + λ||x||1

(7)

CS EAP Estimation via `1 -SPFI. We aim to reconstruct P(R) from limited samples
{E(qi )} of signal, which is analogous to the reconstruction of MRI signal from K-space
measurements in sparse MRI [10]. The EAP P(R) could be seen as the above signal
f , and E(q) is the observation vector y in formula (7). The measurement matrix is the
undersampled Fourier Transform FU = UF, which first performs a Fourier Transform
F and then chooses some samples by undersampling operator U. [11] directly applied
sparse MRI to EAP reconstruction, while it did not consider any sparse basis. We propose to represent EAP by dSPF basis {Dnlm (R)} in (4). Then the coefficient vector of the
EAP, denoted by A, can be obtained from the optimization in (8), called `1 -SPFI, where
UFD = MB in (6). The second identity is obtained because the Fourier Transform of
Dnlm (R) is Bnlm (q) [7].
A∗ = arg min ||UFDA − y||22 + λ||A||1 = arg min ||MB A − y||22 + λ||A||1

(8)

Formula (8) is actually the well known LASSO method [15]. In statistics, LASSO type
estimation in (8) has been widely used and demonstrated significant advantages over the
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traditional ridge regression in (6). Moreover please note two important improvement in
`1 -SPFI over the CS EAP estimation in [11] by considering sparse basis representation.
First, [11] discretizes the R-space and represented EAP with some discrete samples,
which needs many samples to represent continuous EAP and introduces some approximation errors. While in `1 -SPFI, E(q), P(R), {Bnlm (q)} and {Dnlm (R)} are all continuous
functions in estimation, which avoids discretization. Second, normally CS based Fourier
reconstructions need to do numerical Fourier Transform in each iterator step [10, 11],
which is very slow. While Fourier transform is analytically solved in `1 -SPFI thanks
to Fourier basis pair provided in SPFI [7], which significantly accelerates the speed of
reconstruction algorithm.
`1 -SPFI with Weighted `1 Norm. In MRI image recover problem, normally Total
Variation term is added in (8) as a sparse term to enhance the sparsity of the solution [10]. However, since in our case EAP is not sparse under Finite Difference and
is a “Gaussian-like“ smooth function, we do not choose Total Variation term. We use
weighted LASSO in (9). The standard LASSO [15] in (8) uses the same weight for different dimension of A. However, it has been demonstrated in [1, 6, 7] that the coefficient
A of E(q) concentrates more in low order in both spherical part and radial part of SPF
basis, Thus we choose the weight Λ as the same in (6). which will enhance the sparsity
of the solution in LASSO [19]. The advantages of this setting over the standard LSL1 setting in (8) is analogous to the advantages of Laplacian-Beltrami regularization
over standard Tikhonov regularization in QBI [9]. Thus compared to `2 -SPFI, instead
of LS-L2 in (6) and ordinary LASSO in (8), we propose to estimate A from LS-L1
formulation with weighted `1 norm in (9). In the following, we will denote the `1 -SPFI
with weighted `1 norm in (9) as `1 -SPFI for simplicity.
A∗ = arg min ||MB A − E||22 + ||ΛA||1

(9)

FISTA. Many methods were proposed to solve LS-L1 problem. We use the Fast
Iterative shrinkage-thresholding algorithm (FISTA) [3] because it has good rate of convergence. Please note that the original FISTA was proposed for LS-L1 problem with the
same weight in each dimension [3]. While different weights are used in (9). Actually
the shrinkage operator in FISTA can be splitted for each dimension because `1 norm
is separable. So FISTA can be directly used with different weights. And it works with
the same shrinkage procedure and the same rate of convergence as the original FISTA,
while no extra computation is added. Please see [3] for more details about FISTA.
Challenges in CS EAP Estimation. EAP estimation is much more difficult than
ODF estimation, especially for the ODF in QBI [16, 9]. EAP P(R) is globally affected
by E(q) defined in whole 3D q space. An exact reconstruction
needs to recover E(q)
R∞
in whole space. Although based on the definition Z1 0 P(Rr)dR [16, 9], ODF is still
fully determined by E(q) in R3 , many single shell HARDI methods like QBI always
use assumptions or make approximations to estimate ODF from only single shell data.
It means in single shell HARDI methods like QBI, the estimated ODF from shell q0
is fully determined by E(q0 u) in S2 . An exact reconstruction of such ODF only needs
to recover E(q0 u) in S2 , which is much easier and can be performed from very a few
samples like in [12]. However, the estimated ODF is just an approximation of the true
ODF with some intrinsic modeling error. There are two main challenges of recovering
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E(q) in R3 . First, it needs more samples in different shells. Second, in the shell with
large q, signal is very small and SNR is relatively too low. However, many works have
good results on angular information even though they made unreasonable approximations like QBI. The fact implies that compared to the fully exact EAP reconstruction in
R3 , it is probably much easier to recover the angular information of EAP.

4

Experiments

Synthetic data. The synthetic data was generated from mixture of tensor model where
two tensors have the same eigenvalues and cross with a given angle in [45o , 90o ]. The
eigenvalues are chosen from three configurations, T 1 = (1.7, 0.3, 0.3) × 10−3 mm2 /s,
T 2 = (1.3, 0.4, 0.4) × 10−3 mm2 /s and T 3 = (1.1, 0.5, 0.5) × 10−3 mm2 /s. We compare
the proposed `1 -SPFI to `2 -SPFI in different test scenarios with or without Rician noise.
Three sampling schemes were used. SS1: 4 shells (b=500/1500/3000/5000 s/mm2 ) with
40 samples evenly distributed in each shell. SS2: 3 shells (b=500/1500/3000 s/mm2 )
with 40 samples evenly distributed in each shell. SS3: 3 shells (b=500/1500/3000 s/mm2 )
with 20 samples evenly distributed in each shell.
In the first experiment, we give an example to show the sparsity of signal/EAP
under SPF/dSPF basis and demonstrate the limitations of `2 -SPFI. We first generate
diffusion signal E(q) in the whole q-space from two tensors with crossing angle of 90o
and eigenvalues in T 1, then we perform numerical integration to calculate the ground
truth coefficients {anlm } which are the inner products between E(q) and {Bnlm (q)} because of orthogonality. The first 225 coefficients (L = 8, N = 4) and the EAP glyph at
15µm are given in Fig. 1(A). The coefficients for l > 8, n > 4 were omitted since they
are all zero (numerically very close to zero). The first coefficient for B000 is very large,
about 350. While only several coefficients for l ≤ 8, n ≤ 4 are larger than 5, and many
coefficients are zero (numerically very close to zero). It demonstrates the sparsity of the
signal under SPF basis, as well as the sparsity of the EAP under dSPF basis, because
these coefficients for signal are also the coefficients for EAP under dSPF basis. Therefore it is possible to estimate EAP via CS technique. We generate noise-free samples in
SS1 and estimate the coefficients using `2 -SPFI and `1 -SPFI respectively, where L = 8
and N = 4 and very little regularization λn = λl = 1e−10 were chosen. The results were
shown in Fig. 1(B) and (C). It is clear to see that with 160 samples in SS1, `1 -SPFI and
`2 -SPFI both can exact reconstruct the EAP. Fig. 1(D) and (E) are the results from 60
samples in SS3, where L = 8 and N = 4 and the same regularization λn = λl = 1e − 8
as [7] were used. `1 -SPFI can obtain sparse result similar with ground truth as expected,
while `2 -SPFI obtains noisy result, which explains why L2 regularization methods normally needs a highly truncated basis to force high order coefficients zero [9, 1, 7]. The
result from L2-SPFI with truncated basis L = 4, N = 1 was shown in Fig. 1(F), which
is sparse and the directions are correct. But the glyph is smoother due to the absence of
high order information.
So in the following scenarios, we focus on the comparison between `1 -SPFI and `2 SPFI with truncated basis that was used in practice [1, 7]. We estimate EAP profiles at
R0 = 15µm, detect the maxima of the profiles based on the method in [9], and calculate
the mean difference of angle (MDA) of the detected maxima and the normalized mean
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Fig. 1. The coefficients of signal/EAP and the EAP glyphs at 15µm for the ground truth signal/EAP (A) and estimated signal/EAP (B,C,D,E,F). (B) and (C): the results from SS1 without noise via `2 -SPFI and `1 -SPFI respectively (L=8,N=4). (D) and (E): the results from SS3
with SNR=15 via `2 -SPFI and `1 -SPFI respectively (L=8,N=4). (F): the results from SS3 with
SNR=15 via `2 -SPFI with truncated basis (L=4,N=1).

e 0 r) and the ground truth
square error (NMSE) between theR estimated EAP profile P(R
P(R0 r). The NMSE is defined as

S2

e 0 r)−P(R0 r)|2 dr
|P(R
R
.
|P(R0 r)2 dr
S2

In the noise free scenario, all three sampling schemes SS1, SS2 and SS3 were used
to generate DWI data. In each sampling scheme, all three configurations (T 1, T 2 and
T 3) are tested. `1 -SPFI with L = 8, N = 4 and `2 -SPFI with L = 4, N = 1 were used to
estimate EAPs, where λn = λl = 1e − 10 for both methods because there is no noise. We
consider the exact angular information reconstruction happens only when 2 maxima
are successfully detected and the MDA is less than 3o . And we consider an exact full
reconstruction happens when exact angular information reconstruction happens and
NMSE is less than 5%. In Fig. 2, A.1, A.2 and A.3 show the NMSE results respectively
in SS1, SS2 and SS3 when exact angular information reconstruction happens. From the
results we have several conclusions. First, `1 -SPFI has smaller NMSE and can detect
smaller crossing angle than `2 -SPFI in all sampling schemes and tensor configurations.
It demonstrates that the high order basis are important for both angular and radial reconstruction for EAPs. Second, the results from T 3 are better than results from T 2, and
the results from T 1 are worst, which shows `1 -SPFI and `2 -SPFI both work better when
E(q) are more isotropic. There is no surprise because the first basis B000 and D000 which
are typical isotropic Gaussian function normally have the largest coefficient. See Fig. 1
for an example. Third, an exact full reconstruction happens only for T 2 and T 3 in SS1
and for T 3 in SS2 and in SS3. For the more anisotropic EAP from T 1, we may need
more samples for an exact reconstruction. Fourth, like the experiments in Fig. 1(B) and
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Fig. 2. A.1, A.2 and A.3: NMSE in noise free scenario in SS1, SS2 and SS3; B.1 and B.2: successful ratio and MDA in SS1; B.3 and B.4: successful ratio and MDA in SS3;

(C), NMSE from SS1 in Fig. 2(A.1) is much small for all tensor configurations and
crossing angles, which validates that SPF and dSPF bases are appropriate sparse bases.
Fifth, sampling in high b values (in SS1) is necessary for an exact full reconstruction.
Sampling only in low b values (≤ 3000 in SS2 and SS3) largely increases NMSE and
slightly reduces MDA. Sixth, although only 60 samples were used in SS3, `1 -SPFI still
can recover angular information well, which validates the previous discussion that exact
angular information reconstruction is much easier and needs less samples than an exact
full reconstruction.
In the noise scenario, SNR is defined as σ1 , where σ is the deviation of the complex
Gaussian noise [9]. The eigenvalue configuration was chosen as T 1 and we generate
data with SNR=15,20,25 in SS1 and SS3 respectively. For every fixed SNR and sampling scheme, Monte Carlo test was performed with 1000 trials to estimate the EAP
profiles and detect the maxima. We set L = 8, N = 4, λn = 1e − 7, λn = 5e − 6 for
`1 -SPFI and L = 4, N = 1, λ1 = λn = 1e − 8 used in [6, 7] for `2 -SPFI. Please note
that we may detect more than or less than 2 maxima. The successful ratio to detect 2
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maxima was recorded and the MDA was computed as the mean value of differences of
angle between detected maxima and the ground truth maxima in the successful tests.
Please note the NMSE in the noise scenario normally much large because based on
the results in the noise free scenario, exact full reconstruction never happens for T 1
even without noise in SS1, SS2 and SS3. Thus we did not show NMSE in this scenario. See Fig. 2 (B.1-B.4) for results. `2 -SPFI has better results when crossing angle
is near 90o and SNR=15. In other SNR and crossing angles, `1 -SPFI always has higher
ratio and smaller MDA. The experiments demonstrate that `1 -SPFI largely improve the
reconstruction especially the angular information by considering high order basis in
`1 optimization. `2 -SPFI uses a truncated basis for avoiding overfitting, while `1 -SPFI
successfully uses weighted LASSO to avoid overfitting. It should be clarified that although the radial information of EAP may be hard to estimate as we showed, the EAP
profile with the angular information was known to have better angular resolution than
the ODF [17].
Phantom data. `1 -SPFI was performed in a public phantom data which was used in
Fiber Cup in MICCAI 2009 [14]. The data was also used to validate `2 -SPFI in [7]. It
has 3 shells (b=500/1500/2000s/mm2 ) and each shell has 64 gradients with 2 repetitions. Thus 192 DWIs are obtained as the mean of 2 repetitions. Then we use `1 -SPFI
with L = 8, N = 4, λl = 1e − 7, λn = 5e − 6 and `2 -SPFI with L = 4, N = 1,
λl = 5e − 8, λn = 1e − 9 used in [7] to estimate the EAP at 17µm and 23µm. The results
with two enlarged regions (R1 and R2) were visualized in Fig. 3. At 17µm, `1 -SPFI
obtains smooth EAPs and `2 -SPFI is better. Compared to `2 -SPFI at 23µm and 17µm,
`1 -SPFI at 23µm has better results which are more anisotropic with two directions in
crossing area and much cleaner in the area known to has one direction. Normally EAPs
are estimated around 15µm and EAPs at R0 > 20µm are likely noisy [7, 13]. However,
please note that the phantom data has very low anisotropy so that we need to perform
min-max normalization for visualization. Thus we believe for this data it is reasonable
that EAP profile is less anisotropic around 15µm and a larger radius is needed. Moreover, Fig. 3(A) showed the whole field of view for EAPs at 23µm where the crossing
area is obvious and other areas are also very clean. That means `1 -SPFI with 23µm is
more robust to noise and more appropriate for this data. In addition we choose 20 gradients per shell via electrostatic energy minimization [8] and use `1 -SPFI again with the
same parameters to estimate EAP from only 60 DWIs. The results in two region R1 and
R2 from the subset of samples were shown in Fig. 3. EAPs obtained by `1 -SPFI from
60 DWIs, although more noisy, are similar with the results from total 192 DWIs, which
demonstrated that the proposed `1 -SPFI, as a CS based method, can robustly estimate
the EAP with small number of samples.
Real data. We test `1 -SPFI in a monkey data with 3 shells (b=500,1500,3000s/mm2 )
with TE/TR=120ms/6000ms. Each shell has 30 directions. `1 -SPFI was applied to estimate the EAP with L = 8, N = 4, λl = 5e − 7, λ = 5e − 6. The EAP profiles at
15µm were shown in Fig. 3(B) with an enlarged view (C). The crossing areas could be
found. Please note that in both `2 -SPFI [7] and the proposed `1 -SPFI, the EAP profiles
in grey matter and CSF area are almost isotropic, which was shown in Fig. 3(E). So for
SPFI, min-max normalization is not needed while it is often used for ODFs in QBI [16].
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Fig. 3. A: EAPs in whole FOV at 23µm by `1 -SPFI and two enlarged areas (R1, R2) were shown
in the following; B: EAPs in whole FOV at 15µm by `1 -SPFI in real data; C: an enlarged area in
D.

Please note that normalization will make the isotropic area very noisy, which probably
brings some troubles for the following fiber tracking method.

5

Conclusion

In this paper, we demonstrate the sparsity of diffusion signal/EAP under SPF/dSPF basis and propose a novel CS based EAP reconstruction method, named as `1 -SPFI, which
uses weighted `1 regularization to estimate the coefficients in SPFI. Compared to ordinary CS Fourier reconstruction methods in [11], it is fast because it avoids numerical
Fourier Transform in each iteration by considering the Fourier basis pair provided in
SPFI. And it considers continuous EAP in estimation which avoids discretization error.
It has been demonstrated that the proposed `1 -SPFI can obtain better results than the
ordinary `2 -SPFI when SNR≥ 15. It largely improves the reconstruction especially the
angular information by considering high order basis in weighted LASSO. Moreover, we
analyzed the differences and challenges in CS EAP estimation compared to CS ODF
estimation. We showed that although exact full reconstruction of EAP is a challenging
problem and needs many samples, `1 -SPFI can recover angular information well from
limited samples.
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Abstract. The unique ability of diffusion-weighted MRI (DW-MRI) to
generate contrast based on the morphological properties of white matter
opens the door to developing qualitatively new methods of early detection and diagnosis of many brain-related disorders. Unfortunately, practical implementation of DW-MRI still poses a number of challenges which
hamper its wide-spread integration into standard clinical practice. Chief
among these is the problem of prohibitively long scanning times, which
necessitates the development of time-efficient methods for acquisition of
diffusion data. In many such methods, however, the acceleration entails
a trade-off between the time efficiency and the accuracy of signal reconstruction. In such a case, it is imperative for one to be able to understand
the effect the above trade-off might have on the accuracy of diagnostic
inference. Accordingly, the objective of this work is twofold. First, using
high-angular resolution diffusion imaging (HARDI) as a specific instance
of DW-MRI, we introduce the notion of a directional diffusion structure
which, in combination with multidimensional scaling, allows representing HARDI data in a lower dimensional Euclidean space. Subsequently,
based on this representation, we develop an algorithm for detection and
classification of first episode schizophrenia. Finally, the above algorithm
is applied to HARDI data acquired by means of compressed sensing and
we demonstrate that the resulting classification error increases insignificantly when the sampling density is reduced to as low as a fourth of its
conventional value.

1

Introduction

Made possible by the phenomenon known as nuclear magnetic resonance, MRI
has long become one of the most powerful and accurate tools of medical diagnostic imaging. However, it was not before the advent of DW-MRI that scientists
have been able to perform quantitative measurements of the diffusivity of the
white matter, based on which its structural delineation has become possible [1,
2]. Although over the last two decades DW-MRI has developed into an established research tool with a great impact on health care and neurosciences, like
any other MRI technique it remains subject to artifacts and pitfalls. However,
while many such artifacts can be overcome using advanced hardware designs

and/or more sophisticated imaging protocols, one particularly critical limitation of DW-MRI stems from the physics of acquisition of diffusion MR images,
and therefore is impossible to resolve by operational means. Specifically, since
collecting DW-MRI data requires a repetitive acquisition of MR responses from
the same volume for a number of diffusion-encoding gradients, it is the relatively
long acquisition times which greatly impair the practical value of this important
imaging modality.
The current paper focuses on a specific instance of DW-MRI known as high
angular resolution diffusion imaging (HARDI), which excels in delineation of
the orientational structure of neural fibre bundles [3–5]. At the practical level,
HARDI is implemented by sampling the diffusion signals over a spherical shell
in the q-space, with a typical number of sampling directions being between 80
and 120. It goes without saying that, since the overall scanning time is proportional to the number of samples, reducing the sampling density can improve the
acquisition requirements of HARDI. In such a case, however, the reconstruction
of HARDI signals from their undersampled measurements requires the use of
special signal processing methods, as prescribed by the theory of compressed
sensing (CS) [6, 7]. The application of CS to HARDI was recently demonstrated
in [8], where it was shown that CS allows the HARDI signals to be accurately
recovered using as few as 16 to 24 samples per voxel (as compared to 80-120
samples required by standard reconstruction algorithms [3, 5]).
Despite the successful application of CS methodology to HARDI in [8], it
still remains unclear to what extent the CS estimation error can affect the accuracy of subsequent diagnostic inference. Accordingly, the objective of the current
work is twofold. First, we develop a new method for HARDI-based diagnosis of
neurological disorders. The method is based on a special representation of orientation distribution functions (ODFs), which is referred to below as a directional
diffusion structure (DDS). Formally, the latter can be viewed as a discrete subset
of the manifold of spherical probability densities [9], which effectively encodes
the spatial location and orientations of local diffusion flows. Subsequently, the
dimensionality of DDS is reduced through its isometric embedding into a lower
dimensional Euclidean space by means of multidimensional scaling (MDS). The
configuration such obtained is straightforward to characterize in terms of its moments, which can in turn be employed for data classification. Finally, we apply
the above algorithm to HARDI data reconstructed by means of the CS-based
method of [8] for a range of sampling rates and demonstrate that the resulting
classification error increases insignificantly when the sampling density is reduced
to as low as a fourth of its conventional value. In this way, we prove that CS-based
methods for fast acquisition of HARDI data have a viable potential to improve
the acquisition requirements of diffusion imaging, while scarifying little in terms
of the accuracy of subsequent diagnostic inference. As an example of practical
application, the diagnosis of first episode (FE) schizophrenia is demonstrated.
The remainder of this note is organized as follows. Section 2 provides a brief
overview of the diffusion setup. The proposed classification procedure is detailed
in Section 3, while the algorithm for fast reconstruction of HARDI signals is de-

scribed in Section 4. Section 5 shows the results of our classification experiments,
while Section 6 finalizes the paper with a recap of its main results.

2

Diffusion modelling and OPDF

One of the central quantities studied in diffusion MRI is the average diffusion
propagator p(r) : IR3 → IR+ , which quantifies the assemble averaged probability
of a water molecule to undergo spatial translation by r at experimental time τ .
Unfortunately, using HARDI data, a full reconstruction of p(r) is not possible.
Instead, given a HARDI signal E(u) (with u ∈ S2 ) normalized by its corresponding b0 -value, one can recover the orientation probability density function
(OPDF) ψ(u) defined as [10, 11]
Z ∞
(1)
ψ(u) =
p(ru) r2 dr, u ∈ S2
0

Specifically, based on the radial mono-exponential model [11], ψ(u) can be computed in a closed form as given by
ψ(u) =


1
1
+
FR ∇2b ln(− ln E) (u)
2
4π 16π

(2)

where FR and ∇2b stand for the Funk-Radon transform and the Laplace-Beltrami
operator, respectively.
The main value of OPDF ψ(u) is in its ability to quantity the likelihood with
which local diffusion is expected to occur along the spatial orientation u. Even
though the mono-exponential model used for derivation of ψ(u) in (1) is only
one among many possible ways to describe the radial dependency of diffusion
signals in the q-space, we have found (1) to produce sufficiently accurate and
high-resolution reconstructions. For this reason, we adopt the OPDFs computed
through (2) as an input to the developments presented next.

3

Isometric embedding of directional diffusion structure

As a next point, we assume that Ω ⊂ IR3 represents a neurologically significant
region without the brain volume. More specifically, Ω is assumed to be a discrete
set defined as

Ω = ri = (xi , yi , zi ) ∈ IR3 | i ∈ I
(3)
with I being a finite set of voxel indices. Without any loss of generality, in what
follows, the spatial sampling is assumed to be uniform, with an isotropic spacing
∆ in each direction. Subsequently, to each ri ∈ Ω, we ascribe its associated
OPDF ψi (u) = ψ(u | ri ) and refer to the pair DΩ = ({ri }i∈I , {ψi (u)}i∈I )
as a directional diffusion structure (DDS), which is supposed to encapsulate
all relevant information about the spatial locations and orientations of local
diffusion flows within Ω. Let P ∈ L2 (S2 ) be the set of (a.e. positive) spherical

R
density functions such that S2 p(u)dη(u) = 1, for all p ∈ P. Then, rigorously
speaking, DΩ can be considered to be a subset of the probability manifold IR3 ×
P.
A main obstacle to developing a practical method for quantitative comparison
of DDSs is the relatively high dimensionality of DΩ . Moreover, it does not seem
to be trivial either to endow the set of all possible DDSs with a tractable metric,
let along a linear structure. Thus, our first task will be to find a lower dimensional
representation of DΩ in a linear metric space. Formally, we will require that such
embedding: 1) preserves the directional information “encoded” in the original
DDS, 2) is invariant to all Euclidean transformations. While the first condition
is self-explanatory, the second is introduced to circumvent the problem of data
registration. More rigorously, the condition requires that two DDSs DΩ and
DT {Ω} , where the latter is obtained by applying an Euclidean transformation
T to Ω, will have identical low dimensional representations.
To find a low dimensional representation of DΩ , it has first to be transformed
into a discrete metrizable manifold. One way to do that is to associate DΩ with
an undirected weighted graph Gω = (V, E), with no self-loops and no multiple
edges. In this case, each vertex vi ∈ V of Gω can be associated with the spatial
locations ri ∈ Ω, whilst the connectivity on Gω is defined by means of its weights,
which are given by

ωi,j



(ψ , ψ ),
d
√ψ i j
=
2 dψ (ψi , ψj ),


0,

if kri − rj k2 = ∆
√
if kri − rj k2 = 2∆
otherwise

(4)

Here k·k2 denotes the Euclidean norm and dψ (ψi , ψj ) denotes a distance between
OPDFs ψi (u) and ψj (u) (see below). Note that ωi,j = 0 implies that the vertices
vi and vj are not connected. Since, in practice, physiologically significant regions
within the brain are typically topologically connected, the graph Gω can be
assumed to be a connected graph as well. This assumption implies that for each
pair of nodes (u, v) ∈ V , there exists a path u = u0 , u1 , u2 , . . . , un = v such that
each edge between uk−1 and uk has a non-trivial weight, i.e. ωk−1,k 6= 0 for all
0 < k ≤ n. Moreover,
the length l(u, v) of such a path can be defined to be equal
Pn
to l(u, v) = k=1 ωk−1,k . Consequently, viewed as discrete manifolds, Gω can
be converted into a metric spaces, with the associated metric defined as
dGω (u, v) = inf {l(u, v)}

(5)

where the infimum is taken over all paths which connect the nodes u and v. The
literature on possible methods for computing the paths of shortest length is vast
(for a comprehensive overview of the subject see, e.g., [12] and the references
therein). In the current work, we used Johnson’s algorithm [13] (as implemented
in Matlab R by function graphallshortestpaths).
To finalize the definition of Gω as a metric space, the distance dψ (ψi , ψj ) in
(4) needs to be specified. In the present work, dψ is defined to be the Jensen-

Shannon divergence (aka information radius) [14], which is given by
dψ (ψi , ψj ) =
s Z
Z
2 ψi (u)
1
2 ψj (u)
1
ψi (u) ln
dη(u) +
ψj (u) ln
dη(u)
=
2 S2
ψi (u) + ψj (u)
2 S2
ψi (u) + ψj (u)
(6)
What makes the Jensen-Shannon divergence stand out against possible alternatives is the fact that it defines a metric on the space of spherical probability
densities P.
Given a DDS DΩ and its associated graph representation Gω , one can use
the metric in (5) to compute the (geodesic) distances between every pair of vertices in Gω . These distances can be arranged into an N × N matrix δ = {δi,j =
dGω (vi , vj )}, with N = #Ω being the number of voxels encompassed by Ω. Note
that the distance matrix δ is invariant under Euclidean transformations of Ω,
thereby providing a representation of DΩ which remains the same under all possible rotations and translations of Ω. Finally, a lower dimensional representation of
DΩ can be found by means of multidimensional scaling (MDS) which, in the case
at hand, arrives at a configuration of N points XN = {tk }N
in a d-dimensional
Pk=1
Euclidean space IRd that minimizes the stress E(XN ) = i<j (kti − tj k2 − δi,j )2
[15]. In the current work, the dimension of the representation space IRd is set to
d = 3.
As a final step, an approach for quantitative comparison of the resulting lowdimensional configurations needs to be defined. To this end,
PNwe adopt the idea
from [16] and characterize XN by its moments ξp,q,r = N1 k=1 (t1k )p (t2k )q (t3k )r ,
with p + q + r ≤ P and the first-order moments ξ0,0,1 , ξ0,1,0 and ξ1,1,0 set to
zero. Subsequently, given two DDSs D1Ω and D2Ω and their corresponding sets of
1
2
moments {ξp,q,r
} and {ξp,q,r
}, the distance between these structures is estimated
as
s X
2
1
2
1
2
ξp,q,r
− ξp,q,r
(7)
dD (DΩ , DΩ ) =
p+q+r≤P

In the experimental part of this work, P is set to be equal to 3, which results in
a total of 16 moments of the 2nd and 3rd orders.

4

Compressed sensing for HARDI data acquisition

The procedure detailed in the preceding section is applied to the OPDFs recovered from HARDI data. The latter, on the other hand, is supposed to be recovered from its highly undersampled measurements using the CS-based method of
[8], which we briefly describe next.
In practice, it is convenient to store and manipulate (discrete) HARDI signals
as 4-D arrays, with their first three and the last one dimension pertaining to the
spatial and diffusion coordinates, respectively. In what follows, such an array of
HARDI data will be denoted by S ∈ IRLx ×Ly ×Lz ×K , where K represents the

size of the set of discrete spatial orientations {ui }K
k=1 at which HARDI signals
are sampled.
It was shown in [17] that HARDI signals admit sparse representation in
terms of spherical ridgelets {φm (u)}M
m=1 , which are spherical functions, whose
energy is compactly supported alongside the great circles of S2 . To express S as
a linear combination of the spherical ridgelets, let Φ be a K × M matrix whose
K
columns contain the values of {φm (u)}M
m=1 evaluated at orientations {uk }k=1 .
Lx ×Ly ×Lz ×M
Also, let c ∈ IR
be a 4-D array of ridgelet coefficients, with M  K.
Then, indexing the elements of S and c by quadruples (i, j, l, k) and (i, j, l, m),
respectively, the relation between S and c can be expressed using the Einstein
summation convention as
S ijlk = Φkm cijlm ,
(8)
where the summation goes over the indices appearing repetitively in the superscript and subscript positions. For the sake of notational clarity, the relation
in (8) can be abbreviated as S = Φ{c}, where the action of Φ{·} is to linearly
map the coefficients in c to their corresponding signals in S. Consequently, the
measurement model for HARDI data can be expressed as
S̃ = S + e = Φ{c} + e,

(9)

where e is added to account for both model and measurement noises. Clearly,
the non-negligibility of e along with the fact that K  M makes the problem
of recovering the representation coefficients c from S̃ a very challenging inverse
problem, our solution to which is detailed next.
To slightly simplify our notations, in what follows, the spaces IRLx ×Ly ×Lz ×K
and IRLx ×Ly ×Lz ×M are denoted by U and V, respectively. Subsequently, the
Euclidean norm of S ∈ U can be defined in the standard way as
q
(10)
kSkU ,2 = S ijlk Sijlk .
The `1 -norm of c ∈ V, on the other hand, is defined in the standard way as well,
as given by
kckV,1 = sign(cijlm ) cijlm ,
(11)
where sign stands for the sign function.
Finally, in order to be able to control the spatial regularity of S ∈ U, we
introduce the total-variation (TV) semi-norm on U defined as
q

kSkU ,TV = 1ijlk
(∇i S)2 + (∇j S)2 + (∇l S)2
,
(12)
ijlk

where ∇i S, ∇j S and ∇l S denote the partial differences of S taken in the direction of corresponding indices, while 1 denotes a 4-D array of ones.
The model (9) suggests a reduction of the problem of estimation of HARDI
signals to the problem of estimation of their corresponding representation coefficients c from the discrete and noisy measurements S̃. In this work, the reconstruction of c is performed under the following two assumption: 1) The field

of the ridgelet coefficients c is assumed to be sparse, implying relatively small
values of kckV,1 ; 2) The field of (noise-free) HARDI signals S is assumed to be
piecewise smooth, implying relatively small values of kSkU ,TV .
Under the above assumptions, the theory of CS suggests that a useful approximation of c can be obtained as a solution to the optimization problem
min {kckV,1 + γ kΦ{c}kU ,TV }
c

(13)

s.t. kΦ{c} − S̃kU ,2 ≤ , Φ{c}  0,
where γ is a spatial regularization constant,  > 0 is defined by the variance of e in
(9), and  stands for an element-wise inequality. This constrained optimization
problem can be rewritten in its equivalent Lagrangian form as
o
n1
(14)
kΦ{c} − S̃k2U ,2 + λ kckV,1 + µ kΦ{c}kU ,TV + iP (Φ{c})
min
c
2
for some optimal values of λ > 0 and µ > 0, where iP denotes the support
function of the positive orthant. The problem (14) can be solved in a numerically
efficient way using the alternative direction method of multipliers (ADMM) as
detailed in [18]. In the experimental part of our study, the values of λ and µ are
set to be equal to 0.03 and 0.05, respectively.

5

Results

As it was pointed out in the Introduction, the time efficiency of HARDI can be
improved through reducing the size K of the set of diffusion-encoding directions
{uk }K
k=1 . It goes without saying that decreasing K should be expected to have
negative impact on the accuracy of reconstruction of HARDI signals. It is therefore imperative to assess the extend to which a reduction in the value of K can
affect the accuracy of the procedure of Section 3. To this end, the procedure was
applied for classification of first episode (FE) schizophrenia patients. The data
set consisted of 20 FE patients (16 males, 4 females, average age: 21.21 ± 4.56
years) and 20 normal controls (15 males, 5 females, average age: 22.47 ± 3.48
years) with the p-value for age being 0.34. For all these subjects, HARDI data
was acquired using a 3T MRI scanner with 51 gradient encoding directions and
eight b0 -images (which have been averaged to palliate the effect of measurement
noise). The spatial resolution was 1.667 × 1.667 × 1.7 mm3 with a b-value of 900
s/mm2 .
For each subject, expert segmentation was carried out to identify the brain
regions corresponding to the left and right centrum semiovale. These regions are
l
denoted below as ΩLl and ΩR
, respectively, with 1 ≤ l ≤ 20 being a subject index.
l
Subsequently, the OPDFs corresponding to ΩLl and ΩR
have been recovered
according to (1) using the method of [11] with K = 51. The order of spherical
harmonics and the value of regularization parameter required by the algorithm
were set to 8 and 0.01, respectively. The estimated OPDFs were discretized
over a grid of 642 spherical points corresponding to the 3rd order tessellation

of icosahedron. Finally, the resulting DDSs were embedded into IR3 using the
methodology of Section 3. Thus, for each subject in the FE and normal control
L
R
groups, two sets of points XN
and XN
were obtained, which corresponded
l
l
to his/her left and right centrum semiovale, respectively. To discriminate the
L
R
two groups of subjects, the pairwise distances between XN
and XN
computed
l
l
according to (7) were used as a diagnostic biomarker. The mean distance within
the control group was found to be equal to 0.0101 ± 0.003, while the mean
distance within the FE group was equal to 0.0084 ± 0.0026. The corresponding
detection rate was found through numerical integration to be equal to 90.11%.
The above classification result has been obtained using the maximal number
of available diffusion orientations, i.e. K = 51. The main objective of this work,
however, is to show that using smaller values of K in combination with CS-based
reconstruction can produce the estimates of OPDFs resulting in a comparable
diagnosis outcome. To investigate this point, the original data set of K = 51
diffusion directions was downsized to five data sets of K = 16, 20, 24, 28 and 32
diffusion directions. Subsequently, the resulting data sets were used as an input
to the CS-based reconstruction algorithm of Section 4, followed by computing the
OPDFs, their corresponding DDSs and the lower-dimensional representations.
Table 1 summarizes the detection rates obtained by applying the proposed classification procedures in the case of the CS-based reconstruction.
Table 1. Detection rates of the proposed classification algorithm
K = 51 K = 32 K = 28 K = 24 K = 20 K = 16
90.11% 90.08% 90.07% 89.63% 89.09% 87.43%

As evident from the result in Table 1, in the case of the proposed classification
procedure, using K = 20 diffusion gradient directions instead of the maximum
K = 51, decreases the detection rate by as little as only 1%.

6

Discussion and conclusions

The advent of the theory of compressed sensing has already revolutionized many
fields of applied sciences, among which medical imaging is an example of particular importance. Specifically, the theory provides a solution to the problem of
prohibitively long acquisition times, which is known to be a major bottle-neck
in clinical application of DW-MRI. Although a number of CS-based solutions
to the above problem has already been reported in the literature, few of them
address the question of how significant is the effect of CS reconstruction error
on the accuracy of subsequent diagnostic inference. Accordingly, the main objective of the present work has been to assess the performance of a particular
method for fast acquisition of HARDI data in terms of the accuracy of neurological classification. To this end, a new method for low-dimensional representation
of HARDI signals based on isometric embedding was formulated. The method

was applied to the problem of detection of first episode schizophrenia, and it
was demonstrated experimentally that the performance of the method remains
reliable, when the sampling density is reduced by a factor of four with respect
to its conventional value.
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Abstract. In this paper a novel method to estimate diﬀusion tensor
(DT) from small number of diﬀusion directions based on sparse representation of tensor models is introduced. In the new method, the tensor models are sparsely represented with respect to a dictionary learned
from training sets. We demonstrated using human brain data that the
proposed method achieves higher accuracy than a state-of-the-art estimation method when the numbers of sampled diﬀusion directions are
small. In the remaining part of this paper, an image reconstruction algorithm is described that integrates the proposed dictionary based tensor
estimation, phase enforcement and generic compressed sensing (CS) image reconstruction from undersampled k space data. This is the ﬁrst time
the sparsities in both k space and tensor domain are jointly explored for
reconstruction. The testing result on high ﬁeld mouse brain DT images
shows improvement of reconstruction accuracy in both diﬀusion weighted
(DW) and DT images compared with generic CS image reconstruction.
That means, compared with the existing methods, one needs less data
to achieve the same reconstruction accuracy and thus can make scans
faster.
Keywords: Magnetic Resonance Imaging, Diﬀusion Tensor Imaging,
Compressed Sensing, Dictionary, Sparse Representation, Phase

1

Introduction

DTI is an MR imaging technique to investigate brain anatomy and diseases.
Despite being a useful contrast, the prolonged scanning time has been a main
drawback of DTI in clinic exam and basic science research. This is because
theoretically, diﬀusion weighted images (DWI) acquired along at least six noncolinear diﬀusion directions(DD) are needed in order to calculate the tensor.
In practice, a signiﬁcantly larger number of DWIs are acquired than that minimum requirement for better signal to noise ratio (SNR) of estimated tensor.

To speed up imaging, considerable amount of research have been done. Some
successful ones include parallel imaging techniques [13, 22], incomplete k space
(frequency domain)acquisition such as partial Fourier reconstruction and dynamic imaging techniques [23]. Recently, compressed sensing technique, which
reconstructs images from undersampled k space data by pursuing the sparsity
in transform domain has attracted a lot of attention [17]. In the area of diﬀusion
imaging, compressed sensing has also been investigated in variety nonparametric
diﬀusion models such as High Angular Resolution Diﬀusion Imaging(HARDI),
Q space imaging(QSI) or diﬀusion spectrum imaging(DSI) [18, 21]. In most of
them, the sparsifying transforms are generic ones, e.g., Fourier, wavelet, spherical harmonic or ridgelets, etc (see a more detailed discussion of these methods
and our proposed method in Discussion section). Meanwhile, ”customized” sparsifying transforms, i.e., the dictionary based sparse representations have had a
signiﬁcant impact in the ﬁeld of signal processing and computer vision [3,10,24].
A dictionary is an overcomplete ”basis” consisting of signal prototypes (atoms)
learned from a training set and thus it’s designed for speciﬁc applications. An
interesting application of it in MRI T1/T2 mapping can been found in [8].
In this paper we propose a dictionary based tensor estimation method. In
DTI, unlike nonparametric diﬀusion models, the diﬀusion proﬁles are modelled as
parameterized ellipsoidal surfaces, so the sparsity of signals can be explored rests
in the underlying diﬀusion tensors(the parameters of the ellipsoids) rather than
in the DW signals themselves. According to this fact, a dictionary is trained in
the space of tensors but not the DWIs. The details on the method and experiment
are discussed in later sections.
Although a lot of works have been focusing on sparsity in k space and diffusion parameter space separately, little research has been conducted on a joint
reconstruction. We describe in this paper, for the ﬁrst time, a DTI reconstruction algorithm combining generic CS and proposed dictionary based CS method,
together with a phase enforcement step which utilizes the smoothness of phase
map in DWIs. Experiment results show accuracy improvements in both reconstructed DWIs and estimated DTs with the proposed steps.

2
2.1

Method
Dictionary based sparse representation

Reconstructing signals from undersampled data poses uncertainty in the reconstructed signals, which results in lower SNR and biases. To reduce the uncertainty, constraints using assumptions of signal properties or prior knowledge were
proposed. Compressed sensing is one the mostly studied recently. It reconstructs
signals using the assumption that the signals are sparse or compressible. Being
sparse means a discrete signal is with only a few nonzero coeﬃcients itself or
after certain transforms (transform sparsity). If a signal demonstrates transform
sparsity, it can be recovered from undersampled data with high accuracy by
seeking the sparse solution in the transformed domain [9]. Sparse solution is the
solution with minimum number of nonzero coeﬃcients (smallest 0 norm, ·0 in

(1)) in the transformed domain. This requirement is usually relaxed to 1 norm
in practices.
K-term representation of a signal x with respect to a dictionary E (symbol
D is avoided here not to be confused with the note of tensor D) is to solve the
problem:
min x − Es2 , subject tos0 ≤ K

(1)

Where the dictionary E is a matrix whose columns are signal prototypes (atoms)
learned from a training set and s is the coeﬃcient vector. E is overcomplete, that
means E has full rank and the number of its columns is in most case much bigger
than the number of its rows. This implies, if there is no constraint on coeﬃcient
vector s, any signal can be perfectly approximated by linear combination of E’s
columns and the problem becomes meaningless. While (1) is to approximate x
by at most K linear combinations of atoms in E (constraint on the 0 norm), if
K is greater or equal to the number of rows, the problem is still meaningless as
pointed out above. The key is to set K much smaller than the number of rows
of E and thus the sparse representation makes sense. x is sparse with respect
to E means it can be well approximated by the combination of a small number
of atoms. By this means, signal reconstruction is to minimize the approximation error by the dictionary under constraints of sparsity. For a given dictionary,
the problem of (1) can be eﬃciently solved by pursuit algorithms such as orthogonal matching pursuit(OMP) [6] or basis pursuit(BP) [7]. The dictionary is
constructed from a training set such that the elements of the set are sparsely
represented by the dictionary. In this paper the popular K-SVD method [3] is
used for training and generating E. Taking the training data as input, K-SVD is
a generalized K-meaning clustering algorithm, it iteratively reﬁnes the ”atoms”
in the dictionary(output) such that the ”atoms” can best approximate the data
in the training set. Usually the number of atoms in the dictionary is smaller than
the number of data in the training set. The suitable size of dictionary is usually
chosen by a trial and fail, the smaller number results in a coarse clustering and
bigger number make the prototype pool noisier.
2.2

Tensor Estimation from a Subset of Diﬀusion Directions

According to the tensor model, a diﬀusion weighted signal Sb at any point in
the tissue can be described as:
Sb = S0 exp(−b Db)

(2)

Where S0 is the unweighted signal and b is a 3D vector determined by diﬀusion
sensitizing gradients, and D is the diﬀusion tensor which is a 3 by 3 symmetric
positive matrix.
Care should be taken to ﬁt the tensor model into dictionary-based sparse
representation framework. In cases like [8], the measured signals can be explicitly
used as training set. While this is not the case in DTI, because tensors are
direction dependent. Two tensors with only a diﬀerence in rotation can result in

very diﬀerent DW signals on the same direction, if the tensors/DW signals are
not ”aligned” in some way and used directly for training, the trained dictionary is
not essentially useful. That requests the rotation invariant properties of tensors
should be extracted for training and representing, say, the spectra of tensors:
λ(D) = (λ1 , λ2 , λ3 ) with λ1 ≥ λ2 ≥ λ3 > 0.
Since CS algorithms are for reconstruction from incomplete(undersampled)
data, the concepts of fully/under sampled signals should be deﬁned. Although
theoretically speaking, six directions are enough for estimating tensor, in order to
have higher SNR, DW signals from signiﬁcantly larger number of diﬀusion directions are sampled in practice. Loosely speaking, increasing the number of diﬀusion directions is to increase the angular resolution of proﬁle of DW signals. While
in DTI, the ﬁnal goal is to estimate parameters in tensors but not to recover the
nonparametric DW signal proﬁles which is cast in the sampling/recovery theory
about spatial and frequency(spherical harmonic, ridgelets, etc. like in [18, 21])
domains. So in DTI experiments it’s only meaningful to talk about the reconstruction accuracy by comparing the diﬀerences between tensors estimated from
a set of DW signals and from a subset of it. Let SB = {Sb , b ∈ B} be the
fully sampled signals, where B is a set of diﬀerent b vectors. And the undersampled data be the set SBu = {Sb , b ∈ Bu } where Bu ⊂ B be the b vectors
of undersampled signals. In this paper, the training set is the spectra of tensors
computed from fully sampled training DW signals, and the dictionary E consists
the ”most typical” of spectral vectors, they are used to approximate spectra of
tensors in the reconstruction problem in (3). The problem of dictionary based
tensor estimation is stated as the following:
D = arg min λ(D) − Es22 ,
D

subject to



(3)

Sb − S0 exp(−b Db)22 ≤ t , ands0 ≤ K

b∈Bu

For each point in the problem tries to ﬁnd a tensor D whose spectrum can be
well approximated by linear combination of atoms from a dictionary E with
coeﬃcients s, under two constraints. First the theory values computed from
this tensor is closed to measurements ( data consistency) where t is the error
tolerance. Second constraint is there are at most K non-zero coeﬃcients in s,
meaning the spectrum is sparsely approximated in the dictionary. As discussed in
the previous section, K cannot be greater or equal to the dimension of spectrum
vectors, so K can only be 1 or 2.
The geometric interpretation of this problem is as following: let the tensors
satisfying the ﬁrst constraint be the set 1; let the tensors whose spectra are
the linear combinations of at most K atoms in the dictionary be the set 2. The
problem is to ﬁnd a tensor D that is in set 1 and with smallest distance(2 sense)
to set 2. This is a highly nonlinear optimization problem and we propose the
following iterative algorithm to solve this problem:
We used the method proposed in [4] for tensor estimation.

Algorithm 1
Initialization: Let set S̃ = SBu
For the ith iteration :
1.Do tensor calculation, get D from S̃, then do eigenvalue decomposition such that
D = VΛV , with spectrum λ(i) = diag(Λ).

2. Solve the K-term estimate by OMP: s (i) = argminλ(i) −Es22 , subject to s0 ≤ K,
(i)

(i)

(i)

s

let λ = Es , Λ = diag(λ ).
(i)
(i)
= VΛ V and the
3. Back calculate unmeasured signals from D , where D
(i)
measured signal unchange. Then the updated S̃ = {Sb = S0 exp(−b D b), b ∈
B\Bu } ∪ SBu
4. Repeat 1-3 until the change in S̃ between ith and i + 1th iterations is small.

2.3

Compressed Sensing Image Reconstruction from Incomplete k
Space

Generally speaking, a better assumption of signal properties and a better use
of prior knowledge in reconstruction are expected to make better reconstruction
accuracy. Also, using multiple sources of prior knowledge/assumption is expected
to reduce uncertainty more. It’s desirable to combine compressed sensing based
tensor estimation and image reconstruction to jointly exploit the information
redundancy in both frequency domain(k space) and among the DWIs.
A typical compressed sensing MR image reconstruction algorithm from undersampled k space data is to solve the constrained optimization problem as
proposed in [17], for each of n = 1, . . . , N :
 
ηi
Ψi mn 1 , subject to Fun mn − yn 22 ≤ noise (4)
mn = arg min
mn

i

n

Where mn ’s are the N DWIs to be reconstructed. The cost function is a weighted
sum of norms of coeﬃcients of mn ’s after sparsifying transforms. The sparsifying
transforms Ψi ’s could be wavelet or ﬁnite diﬀerence and ηi ’s are corresponding
weighting factors. 1 norm is used to penalize smaller coeﬃcients relatively heavily and thus keeps the transformed signal sparse. The constraint asks for data
consistency, in which Fu ’s are undersampled Fourier transforms depending on
undersampling patterns and yn ’s are the acquired k space data. noise is related
to signal noise level. In practice, approximate solution of the problem can be
reached by converting (4) to a unconstrained Lagrangian form and then solving
it by generic optimization algorithms.
Phase images of DWIs are smoother and contain less information than the
corresponding magnitude images and thus are relatively easier to be estimated.
Inspired by this property, regularization terms in constrained reconstruction has
been proposed [12,25]. In this paper, we use the image phase relationship in [14]:
K = KH ⊗ F (ej2φ )

(5)

Where K (to be distinguished from the K in (3)) is the k space data of image and
φ is the phase of image. Superscript H means Hermitian operation, ⊗ represents

convolution and F is Fourier transform. Because phase of DW images contain
mostly low frequency components so their Fourier transforms are compactly
supported with most of nonzero values around center. They can be estimated
from low resolution images reconstructed from central part of frequency domain.
An iterative reconstruction algorithm combining compressed sensing of image
domain, tensor domain and phase enforcement steps is proposed, as shown in
Algorithm 2.

Algorithm 2
(0)

(0)

Initialization: For n = 1, . . . , N , mn = 0, yn = yn estimate φn s from low resolution
phase maps.
For the ith iteration:
For each n = 1, . . . , N do step 1-3:
(i)
(i−1)
⊗ F (ej2φn )
1. Phase enforcement: yn = yn
(i)
(i)
2. Solve equation 4 by conjugate gradient with initial value mn = F −1 (yn ), get
(i)
mn
(i)
3. For each voxel inside the tissue, estimate tensor D from mn ’s, do eigenvalue decom
(i)
position such that D = VΛV , with spectrum λ = diag(Λ). Compute the K-term

estimate s (i) = arg min λ(i) −Es, subject to s0 ≤ K and the approximated spectrm
(i)
(i)
(i)
(i)
(i)
λ = Es , Λ = diag(λ ). Back calculate m n s from D = VΛ V .
(i)
(i)
(i)
4. Compute yn = F mn , insert measured values at sampling locations: yn |acq =
yn |acq .
(i)
(i)
Repeat until changes of mn ’s or yn ’s are small.

3

Experiments and Results

For tensor estimation from undersampled diﬀusion directions, we tested the proposed method(Algorithm 1, A1) on normal adult human brain DTI datasets.
They were acquired from diﬀerent subjects on clinical 3T Philips scanners. Each
dataset includes 1 b0 image and DWIs along 30 diﬀerent diﬀusion directions
with bvalue 700s/mm2 . The image resolution is 256x256x(50-55), voxel size:
0.9375x0.9375x2.5 mm3 . One of the datasets was used for training, 20000 points
were uniformly sampled from the data inside the brain as training set, the size
of(number of columns) dictionary trained (noted as D1) is 1000. And the other
dataset was used for testing. The K in (4) is 1, meaning the spectra are approximated by the closest atoms in the dictionary. The K-SVD and OMP codes were
downloaded from http://www.cs.technion.ac.il/~ronrubin/software.html.
A nonlinear nonnegative tensor estimation method [4](Matlab code was from
http://www.cise.ufl.edu/~abarmpou/lab/index.php) was used in step 1 of
Algorithm 1. DTs estimated from the fully sampled set of 30 DW signals with a
modiﬁed RESTORE method (M1) [5] were used as ground truth(GT). Although
recognized as a state-of-the-art method, original RESTORE uses an nonlinear

ﬁtting method in its ﬁnal tensor ﬁtting step. This ﬁtting method is not positivity
preserving and thus theoretically inferior to the above nonnegative [4] method
we are using. To make sure that our improvement over RESTORE is not due
to the use of [4]’s method, the ﬁnal step of RESTORE is replaced the same one
we used in our method. Thus any credit for performance improvement should
be taken by the use of dictionary. Subsets with n (from 6 to 15) directions with
most spacing between them (with maximal sum of angles between each other
in the subset) were chosen as undersampled datasets for testing. Both M1 and
A1 are performed on the testing sets. Euclidean distance was used for measuring
the errors between estimated tensors and the ground truth. Normalized errors by
M1 and A1 for each n are listed in Table. 1. Errors from every point by the two
methods are compared by paired t test, and p < 0.001 for all n’s. The biggest
improvement happens at the minimum number (six) of diﬀusion directions. As
n increases the advantage of proposed method becomes smaller, until n = 15,
the advantage becomes negligible.
n=6
7
8
9
10
M1 0.1055±0.0763 0.0525±0.0516 0.0487±0.0490 0.0402±0.0397 0.0327±0.0332
A1 0.0421±0.0300 0.0387±0.0298 0.0354±0.0272 0.0321±0.0260 0.0287±0.0244
n = 11
12
13
14
15
M1 0.0303±0.0311 0.0283±0.0291 0.0255±0.0261 0.0238±0.0246 0.0226±0.0233
A1 0.0268±0.0228 0.0256±0.0221 0.0240±0.0214 0.0223±0.0197 0.0215±0.0192
Table 1. Normalized tensor errors compared with ground truth

For reconstruction from incomplete k space data, proposed method (Algorithm 2) was tested on mouse brain DTI datasets. They were acquired on different subjects using a 11.7T Bruker scanner. Eleven DWIs of diﬀerent diﬀusion
directions with bvalues ranging from 190 to 1010 s/mm2 were acquired. 3D excitation and acquisition method was used [2]. Resolution: 136(X, readout)x128(Y)
x138(Z); Voxel size: 0.090x0.090 x0.090mm3. Full k space data was acquired. One
of the dataset is used for training, the other is used for testing the algorithm.
For the training data, 20000 points were uniformly sampled from the data inside
the tissue and the K = 1 (as pointed out previously, K can only be 1 or 2), the
size of dictionary (noted as D2) is 6000. D1 was also used to check if the result
is sensitive to diﬀerent training sets. DWIs reconstructed from full k space data
were used as ground truth. For reconstruction from partial k space data, 2D
undersampling schemes in the Y-Z plane were used at diﬀerent reduction factors
(RF)(2 for 50% sampled and 4 for 25%), then the sagittal slices were reconstructed. Sampling patterns were generated using an Gaussian shaped function
origins at the center of k space as sampling probability and with central rectangular area fully sampled, as shown in Fig. 1. In our study, Daubechies4 wavelet
and ﬁnite diﬀerence were used as sparifying transforms. Third order polynomials were used for approximating phase maps. The algorithm usually converges
after 4-6 iterations, taking about 50seconds for Matlab and 2.0GHz CPU. Nor-

malized Root Mean Square Error (NRMSE) and its equivalent peak signal to
noise ratio(PSNR) of DW and DT values of each reconstructed slice were used
to measure the reconstruction accuracy. Euclidean distance was used to measure
the tensor errors. For both RF values, the NRMSE values of DW and DT from
each methods are compared (CS vs. CS+P, CS+P vs. CS+P+Dn) using paired t
tests. Table 2 shows the results. Signiﬁcant improvements were found (p < 0.001)
by adding each of phase enforcement and dictionary constraint steps. In case of
RF=2, about 2dB PSNR average improvement can be seen respectively when
each of the phase and the dictionary based steps is added, while more improvement by the dictionary step was found in RF=4. Fig. 2 shows an example of
reconstructed slices. The coarse phase image (middle row) in CS only method
becomes much smoother and closer to the ground truth after phase enforcement
step is added. In the bottom row, the reconstruction error becomes smaller after each of phase step and dictionary constraint step is added. The uses of two
dictionaries yield similar results.

RF
2
Method
CS
CS+P
CS+P+D1
CS+P+D2
NRMSE DW 0.0140±0.0010 0.0115±0.00123 0.0091±0.0005 0.0090±0.0006
PSNR(dB) DW 37.07±0.61
38.78±0.91
40.82±0.54
40.86±0.57
NRMSE DT 0.0226±0.0014 0.0183±0.0016 0.0163±0.0009 0.0164±0.0010
PSNR DT
32.92±0.54
34.77±0.75
35.72±0.47
35.70±0.54
RF
4
Method
CS
CS+P
CS+P+D1
CS+P+D2
NRMSE DW 0.0364±0.0024 0.0341±0.0036 0.0213±0.0017 0.0221±0.0017
PSNR(dB) DW 28.78±0.57
29.37±0.89
33.44±0.69
33.12±0.65
NRMSE DT 0.0532±0.0037 0.0513±0.0041 0.0388±0.0028 0.0411±0.0030
PSNR DT
25.48±0.58
25.81±0.70
28.24±0.62
27.74±0.63
Table 2. NRMSE/PSNR comparison. ”CS”: compressed sensing only; ”CS+P”: compressed sensing and phase constraint; ”CS+P+Dn”: with all three constraints and the
dictionary Dn is used

Fig. 1. k space Undersampling patterns for RF 2(left) and 4(right)

Fig. 2. Example of one reconstructed slice. Top row: magnitudes images; middle: phase
images; bottom: absolute errors. GT: ground truth; ”CS”: compressed sensing only;
”CS+P”: CS and phase constraint steps; ”CS+P+Dn”: with all three steps and the
dictionary Dn is used; Brightness and pseudo-color levels are scaled by the same number
for illustration and comparison.

4

Discussion and Conclusions

In this paper, a novel method to estimate diﬀusion tensor (DT) is proposed. In
this method, the tensor models are sparsely represented with respect to a dictionary learned from training sets. We demonstrated using human brain data that
the proposed method achieves higher accuracy than a state-of-the-art estimation
method. What’s more, an image reconstruction algorithm is proposed that integrates the dictionary based tensor estimation, phase enforcement and generic
compressed sensing (CS) image reconstruction from undersampled k space data.
The testing result shows, under the same reduction factors, improved reconstruction accuracy in both DW and DT images than that of generic CS image
reconstruction. This implies, with our method, one needs less data to achieve
the same reconstruction accuracy and scans can be made faster. Improvement
is bigger at higher RF/smaller number(n) of diﬀusion directions and becomes
smaller at low RF/bigger n, which is common for all CS based method.
One could be interested in the relation between the proposed dictionary based
method and other existing CS methods for diﬀusion MRI. As has been mentioned
in the introduction section, compressed sensing has been reported in several cases
of DSI/QSI etc [1,16,18,19]. The computational complexity of the proposed dictionary based tensor estimation is of as the same order as RESTORE which is
also an iterative algorithm with one conventional least square type tensor estimation in each iteration. The Fourier transform nature between the q space
and diﬀusion propagator signals is totally analog to the relation between k space
and image domain data in MRI, so the CS schemes in generic MRI were ﬁrst

translated and tested. Meanwhile, sparsity-regularized reconstructions of nonparametric diﬀusion proﬁles in HARDI were reported [20, 21]. Also used as the
sparsifying transforms are the general-purposed ones such as wavelets, total variations, spherical harmonics/ridgelets. Besides some unique approaches [11, 15],
most of them are for reconstructing non-parametric diﬀusion proﬁle functions
(propagators, orientation distribution function(ODF)), which are diﬀerent from
estimating parameters of DT model like in this paper, our proposed method can
not be compared with the above ones directly. However, the idea of ’customized’
basis can be introduced to the non-parametric scenarios to replace the generic
transform basis by dictionary-trained ones, which could be interesting to see.
The paper concerns sparse representation of tensor based on overcomplete
dictionaries. When K = 1 the algorithm has a very intuitive understanding: the
dictionary consists of the most representative prototypes of the training set, and
the best approximation of a tested tensor spectrum is the prototype ’closest’ in
the dictionary. One may question if the prototypes in the dictionary are still
3D vector with descending ordered positive components. The fact is that it is
not hard to prove that the set L = {(λ1 , λ2 , λ3 ), λ1 ≥ λ2 ≥ λ3 > 0} is a cone.
In training stage, if all the training inputs belong to L, and K = 1, all the
prototypes in the trained dictionary still belong to L. In reconstruction stage, if
the input signals are in L, their approximations with respect to the dictionary
do too. While it’s not the case when K > 1 and additional care should be taken.
In the experiment, the proposed algorithm has a near 40%( 4dB in PSNR)
improvement in NRMSE of DW and near 30%( 3dB in PSNR) in DT respectively. The similar results achieved by diﬀerent dictionaries indirectly proves the
robustness of the proposed method. The success of the experiment also supports
the hypothesis that comprehensive reconstruction algorithm takes advantages of
multiple sources of prior knowledge and thus performs better than each of the
individual ones.
Acknowledgments This study is supported by RO1NS058299/RO1AG20012
/P41RR15241.
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Abstract. Deep understanding of myocardial structure of the heart
would unravel crucial knowledge for clinical and medical procedures.
Although the muscular architecture of the heart has been debated by
countless researchers, the controversy is still alive. Diffusion Tensor MRI,
DT-MRI, is a unique imaging technique for computational validation of
the muscular structure of the heart. By the complex arrangement of myocites, existing techniques can not provide comprehensive descriptions of
the global muscular architecture.
In this paper we introduce a multiresolution reconstruction technique
based on DT-MRI streamlining for simplified global myocardial model
generation. Our reconstructions can restore the most complex myocardial
structures and indicate a global helical organization.
Keywords: Streamlining, multiscale tractography, cardiac fiber architecture, DT-MRI.

1

Introduction

Myocardial fiber architecture plays a critical role in many functional aspects of
the heart such as electrical propagation [1,2] or force production [3]. However,
the exact distribution of the myocardial fibers and their spatial arrangement that
constitutes the gross (left and right ventricles) myocardial structure is nowadays
still controversial.
Researchers have proposed several conceptual models for an accurate description of the heart’s architecture, either from the dissection or the histology
point of view. Opposition to these theories comes from the reproducibility of the
dissection process required to deduce the models. Some studies [4,5] argue the
surgeon performing the dissections would introduce a bias in the final geometric
interpretation.
During the last decade, Diffusion Tensor MRI (DT-MRI) has been established as a reference imaging modality for the rapid measurement of the whole
cardiac architecture at the cost of a relative small but acceptable resolution. This
technique provides a discrete measurement of the 3D arrangement of myocites

[6] by observing local anisotropic diffusion of water molecules [7]. Usually, DTMRI data provides a volume of three-dimensional tensors. The most significant
component of these tensors (primary eigenvector ) represents the orientation of
myocites on a given voxel. Despite having this detailed information, interpreting
DT-MRI outcome for heart architecture validation is not direct. Most of the
existing techniques are based on fiber tractography, which usually reconstructs
fibers with streamlines [8]. Although tractography has been successfully used for
fiber visualization [9,10,11,12,13], most of the existing approaches do not provide
enough evidence for either supporting or invalidating any particular architectural
model.
To achieve an objective and descriptive myocardial architecture, one must
consider several issues. First, the tractography should include the whole myocardium anatomy. Defining the basal ring, for instance, is crucial for fully understanding heart anatomy. However, in many works [10,13,14] the myocardial
volume is cut just below the mitral valve, to remove the auricular cavities, which
thin structures might disturb the performance of tractography methods. Since
such cut discards the basal ring, reconstructions might be incomplete for a global
interpretation of the cardiac architecture. Second, tractography is a technique
inherited from the study of fluids. In this field, orientation of vector fields stands
for fluid stream directions and, thus, reconstructions present no ambiguity. However, in anatomical structures, DT-MRI vector fields have an orientation that
does not correspond to any physiological property. For a successful tractography reconstruction, DTI vector fields should be reoriented. The few existing
approaches are based on either local properties of the flux or parametric models of the heart. By their local nature, local approaches [13] might introduce
suboptimal fibers not consistent with the global structure. Meanwhile, by their
complexity, parametric models of the ventricles [11] are usually restricted to the
left ventricle. Finally, fully detailed tractographic reconstructions are valid for
low-level descriptions, but might fail on a higher level of analysis because of
their complexity. In order to extract more comprehensive descriptions of global
myocardial structure, algorithms should provide simplified representations.
In this work we introduce a tractography-based strategy for comprehensive
description of the myocardial fiber architecture. In this way, we incorporate gross
anatomical knowledge to streamline techniques as well as auricular noise reduction, based on numerical integration error estimation. Our study on healthy exvivo canine heart DT-MRI datasets shows evidence of a global helical structure
which might conform to one of the existing conceptual models.

2

Multi-resolution Tractography Consistent with Heart
Anatomy

Heart tractography [10] is a reconstruction of cardiac muscular fibers composed
by several streamlines (or fiber tracks) associated to DTI primary eigenvector.
A streamline is a curve tangential to the vector field at any point of such curve.

Therefore, if we parametrize the initial 3D streamline trajectory in time t as
γ(t) = (x(t), y(t), z(t))

(1)

and we define the the primary DTI eigenvector as:
−
→
V = (u(x, y, z), v(x, y, z), w(x, y, z))

(2)

then, the streamline is given by the cross product of the curve’s (1) first derivative
and the primary eigenvector (2) :
−
d→
γ (t) −
→
× V(γ(t)) = 0 .
dt

(3)

However, it is not feasible to solve (3) analytically. For this reason, we have
chosen to reconstruct fibers using a fifth order Runge-Kutta-Fehlbert [15] integration method with adaptive integration steps based on an estimation of the
integration error.
This method solves the following differential equation:
dγ(t) −
→
= V(γ(t))
dt

(4)

where the initial point (seed ) of the streamline is defined by:
γ(0) = (x0 , y0 , z0 ) .

(5)

Objective interpretations of the myocardial architecture from fiber tractography require addressing three main issues:
– Data completeness: noise on the streamline reconstruction is mainly caused
by thin auricular tissue which introduces significant clutter on the visualization. To minimize such artefact, our streamlining method stops integration
of streams with large Runge-Kutta estimated reconstruction error.
– DT-MRI Vector field orientation: we apply a geometric reorientation of
the vector field using local coordinates coherent to heart anatomy and fluid
mechanics. We describe heart anatomy by a longitudinal axis and angular
coordinates with respect this axis on axial cuts. To properly reorient both
ventricles, we set our longitudinal axis across the left ventricle, near the
septum, ensuring that it never crosses any myocardial wall. Furthermore,
to validate the vector field for streamlining, this axis should define for each
axial cut a center of rotation. Therefore, at every axial cut of the DT-MRI
we reorganize vector orientations on a stream-like fashion around the point
O, that is, the intersection between the axis and the current axial cut
O = (o1 , o2 , o3 ) .

(6)

Finally, given a point in space:
P = (x, y, z)

(7)

and the position vector defined by O and P :
−−→
OP = P − O = (x − o1 , y − o2 , z − o3 )

(8)

every vector is reoriented according to the sign of the cross product between
DT-MRI (2) and its position vector (8):
−
→
−
→
→
−−→ −
V(P ) → sign( V(P ) × OP ) V(P ) .

(9)

– Visualization: comprehensive visualization of fiber tracts should involve
proper assignment of colors providing information about myocardial fiber
orientation. Often, colormap definitions use global coordinates, which might
mislead the global structure. To properly encode the anatomical structure,
we should consider colormaps based on local information. We use the fiber
angulation with respect the longitudinal axis, since the longitudinal angulation suggests more valuable information about muscular layers.

(a) full

(b) simplified

Fig. 1. Multiresolution tractography: full scale tractography (a) and simplified tractography (b)

2.1

Multi-resolution Tractography

Fully detailed tractography representation has been the leading modality to comprehend the heart. On this task, tractographic models have achieved interesting
results but have also shown weakness not helping to clarify a widely accepted
unique theory describing the global architecture of the heart.
In real life, when an observer tries to make a gross analysis he can step
away a few meters from the object of analysis and get a more contextual view.

Computationally, this translates into a multiresolution approach. Multiresolution techniques build models of the same data at different levels of detail while
remaining accurate to the source. A common approach for multiresolution decomposition is mip mapping [16] based on a pyramid representation [17]. This
technique applies a gaussian filtering and later an exponential reduction via a
subsampling of the full-scale data volume. Reduced data volumes summarize
the original information and represent it at different levels of detail. The reductions are statistically complete in such a way the gaussian smoothing keeps the
information before applying downsampling.
Figure 1(a) shows the longitudinal color map on a full-scale reconstruction of
fibers. Longitudinal angles are encoded following the code of the bottom colorbar.
By downscaling two orders of magnitude the original sets and applying our
streamlining, we get the simplified tractography shown in Fig. 1(b).

3

Results

The goal of our experiments is to show the usefulness of our multi-resolution
tractography to identify myocardial muscular architecture. For this purpose, we
have applied our methodology to seven ex-vivo healthy canine studies from the
Johns Hopkins University (JHU) public database [18,19].
JHU acquired each canine heart with a 4-element knee phased array coil
on a 1.5 T General Electrics MRI Scanner. An enhanced gradient system with
40 mT/m maximum gradient amplitude and a 150 T/m/s slew rate was used.
Image sizes ranged between 256 x 256 x 108 and 256 x 256 x 130 voxels. Image resolution was fixed at 312.5 x 312.5 x 800 µm. Finally, 16 diffusion gradients were
arranged in a non-collinear fashion, with a maximum b-value of 1,500 s/mm2 .
Full scale tractographies have been build with 250 seeds randomly chosen
over the entire anatomy. This amount assure complete visual reconstructions
of the heart anatomy. In order to get a coherent number of streams between
resolution levels, seeds in lower levels have been selected by scaling the positions
at full resolution to the downscaling magnitude.
Figure 2 shows our multiscale tractographic reconstruction of muscular fibers,
full-scale in fig. 2 (a) and simplified model in fig. 2 (b). For each resolution we also
show a close-up (indicated by white rectangles in full-size images) of the basal
level in bottom images. The full-scale model restores the complete myocardium
including tracts wrapping at the basal ring towards the endocardium and connecting the left and right ventricles at the basal level. The simplified model keeps
the main geometric features of fibers (see basal loop close-up) allowing an easier
identification of global tendencies.
To obtain a representation of the heart principal architecture, we have considered the longest paths from our simplified models. Figure 3 shows four tracts of
simplified models restored from manually picked seeds found at basal level near
the pulmonary artery. We note that the tracts define a sample-wide coherent helical arrangement for all canine samples. Helical disposition has been reported in
recent tractography studies [20] and reviews of several techniques [21,22]. Heli-

(a) reduced scale

(b) full scale

(c) reduced close up

(d) detailed close up

Fig. 2. Reduced and full-scale tractographic reconstructions of the same heart sample,
showing the detailed reconstruction of the complex structure of the Basal Ring.

cal arrangement of myocites has also been historically reported by some medical
studies [23,24] and might agree with the Torrent-Guasp’s conceptual model of
the existence of a unique muscular band wrapping the whole myocardium [25].

4

Conclusions and Future Work

Heart tractography from DT-MRI studies is the preferred objective approach for
exploring the cardiac muscular architecture. However, existing reconstructions
yield incomplete models too complex for identifying any global architecture.
This work contributes to heart tractography in two key aspects. First, we
have adapted streamlining techniques to the particularities of the DT-MRI vector fields in the specific context of cardiac imaging for robust reconstruction of
complex structures such as the basal loop. Second, we have introduced a multiresolution tractography technique for achieving simplified DT-MRI representations
consistent with global features of the heart structure.

(a) seed 1

(b) seed 2

(c) seed 3

(d) seed 4

Fig. 3. Example of tracts reconstructed with manually picked seeds, always chosen
near the pulmonary artery, on simplified tractographies.

The reconstructions on healthy hearts recovers the whole myocardial anatomy
and points out a muscular tissue connectivity describing an helicoid. Such helical
structure has been described in several works and might support Torrent-Guasp’s
conceptual model.
In addition to this theoretical application, this multi resolution approach
may allow future systematic clinical applications where other researchers are
also working to obtain interactive performances [26].
Moreover, there is still room for improvements. Although the impact of auricular noise has been reduced, reconstructions still restore some disconnected
tracts at the auricular level. We are currently developing a quality metric for
discarding non robust tracts.
We are also aware that experts may demand further evidence of the repeatability of Dr. Torrent-Guasp conceptual model. For this purpose, we are focusing

on obtaining statistical results about the variability of the helical structure. This
way, we will work on the validation of variability of this apparent helical structure. As a proof of concept, we have already worked with isolated samples. In
the next stage we plan to add existing cardiac atlases which give an statistical
grounding [27,28] as well as applying these methods to other varied samples.
Finally, we are also working on further study of the architecture which may hide
some other interesting properties than the global coherence supporting TorrentGuasp’s theory.
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Abstract. In this paper, we propose to compare three diffusion models to track the portion of the corticospinal tract dedicated to the hand
motor function (called hand motor fibers hereafter), using diffusion, functional and anatomical MRI. The clinical diffusion data have few gradient
directions and low b-values. In this context, we show that a newly introduced model, called diffusion directions imaging (DDI) outperforms both
the DTI and the ODF models. This new model allows to capture several
diffusion directions within a voxel, with only a low number of parameters. Two important results are that i) the DDI model is the only one
allowing consistent tracking from the mesencephalon to the most lateral
part of the cortical motor hand area, and that ii) the DDI model is the
only model able to show that the number of hand motor fibers in the
left hemisphere is larger than in the contralateral hemisphere for righthanded subjects; the DDI model, as the other two models, fails to find
such a difference for left-handed subjects. To the best of our knowledge,
this is the first time such results are reported, at least on clinical data.

1

Introduction

Diffusion MRI (dMRI) [11] allows in vivo and non-invasive imaging of tissue
structure. It is based on the facts that i) the diffusion of water molecules is
constrained by the micro-structure of the tissues (such as, typically, the white
matter fibers in the brain), and that ii) MRI can be made sensitive to this diffusion, using specific MR pulse sequences. Diffusion models can then be devised,
and their parameters can be estimated for further study and analysis of tissue
architecture. The simplest model is that of a Gaussian diffusion function, which
amounts to characterise the diffusion with a tensor (i.e. a 3×3 symmetric definite
positive matrix), giving its name to diffusion-tensor imaging (DTI) [2].
Fiber tracking, or tractography, has been developed to “reconstruct” or “dissect” the fiber tracts in vivo, and then infer brain anatomy [18]. Many of the
association (e.g. uncinate fasciculus, cingulum) and commissural (e.g. transverse
fibers of the corpus callosum) fiber tracts have been successfully reconstructed
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using i) clinical dMRI sequences (with few gradient directions and low b-values),
ii) the simple Gaussian diffusion model and iii) simple deterministic streamline
fiber tracking methods [17]. On the contrary, it has proved much more difficult to
reconstruct projection fibers, and especially the motor fibers of the corticospinal
tract (CST) using such standard protocols. On one side, the anatomy of these
fibers between the spinal cord and the internal capsule has been well-studied using DTI [10, 8]. On the other side, the study of these fibers between the internal
capsule and the cortex, and in particular of those dedicated to a specific motor function, is much more challenging using DTI, mostly due to the numerous
crossings/kissing/merging/diverging fibers in the corona radiata. A particularly
difficult fiber bundle to track within the CST is the portion corresponding to
the motor hand area, because it is located laterally on the motor cortex [30] (as
shown by the homunculus of Penfield & Rasmussen), compared to the leg or the
trunk areas for instance. In the following, we call this fiber bundle the HMFs,
as “hand motor fibers”.
The HMFs are a crucial fiber bundle to investigate, in the context of normal
anatomy, within the more general study of handedness, cerebral dominance, and
brain asymmetry [27]. More generally, the development of diffusion models and
tractography methods for the CST in general, and the HMFs in particular, which
could be used in clinical routine, is key for a better understanding of pathologies
of the CST such as, typically, amyotrophic lateral sclerosis [9], Wallerian degeneration of the CST after ischemic stroke [31], motor dysfunctions in infants [14]
or in patients with relapsing-remitting multiple sclerosis [13].
New types of image acquisition schemes (e.g. HARDI sequences), diffusion
models (e.g. multiple tensors, ODF, etc.) [12] and tractography methods [18–
20] have been introduced to account for intricate fiber configurations, but these
techniques i) have been reported to often miss entirely the lateral portions of
the CST, and thus the HMFs [3] and ii) are not applicable at hand in a clinical
setting, mostly due to long acquisition times.
In this paper, we propose to investigate the usefulness of a new diffusion
model, termed Diffusion Directions Imaging (DDI), to track the HMFs on clinical
data, using a deterministic streamline tractography algorithm. This model allows
to capture several diffusion directions within a voxel, with a low number of
parameters [26, 4].
The two goals of this paper are: 1) to evaluate the ability of this new diffusion
model and of two other standard models (DTI/ODF) to track the left and right
HMFs, using a common tractography algorithm, in a clinical setting, i.e. with
few diffusion gradients (typically, less than 15) and low b-values (typically,
less that 1000s/mm2 ), and 2) to study whether the number of tracked HMFs
in one hemisphere is different from that in the contralateral hemisphere, for
right-handed and left-handed subjects. Note that we do not test multi-tensor
models, as these have been shown to be unable to provide a unique solution in
the context of single-shell (one unique b-value) acquisitions [24], as is the case
here and in most standard clinical protocols.

Comparison of 3 diffusion models to track the hand motor fibers

3

In Section 2.1, we present the three tested models, and we outline our implementation thereof. In Section 2.2, we describe the common multiple fibers
deterministic streamline tractography algorithm we use for these three models.
The same algorithm is used to make sure that the subsequently reported results
can be interpreted as differences in models, rather than differences in dMRI
sequences or tractography algorithms. The data are described in Section 2.3,
and we perform statistical tests and numerical evaluation in Section 3, before
discussing these results, concluding and giving some perspectives in Section 4.

2
2.1

Material & Methods
Diffusion models

B DTI model: The Gaussian model assumes that the diffusion process can
be captured by a tensor (6 parameters), which is proportional to the covariance
matrix of the unknown Gaussian pdf. The tensor T is parametrised as T =
exp(M ), where M is an unknown 3 × 3 symmetric matrix, and its estimation
is done using a least-squares (LS) fitting on the raw DWI intensities [7]. The LS
criterion is optimised numerically using the NEWUOA algorithm [23]. Within
a given voxel, the single putative fiber direction is considered to be aligned with
the direction of the eigenvectors associated to the largest eigenvalue of the tensor.
The tractography algorithm uses a log-Euclidean interpolation scheme [1].
B ODF model: The orientation distribution function (ODF) describes the orientational structure of the diffusion function [28]. The raw DWI intensities are
modelled with a modified basis of spherical harmonics, whose c coefficients
are estimated using a LS fitting including a Laplace-Beltrami regularisation
term. The number of unknown coefficients depends on the order l of the basis:
c = (l + 1)(l + 2)/2. This LS problem has a closed-form solution, from which the
optimal ODF (or to be precise, an approximation thereof) can be computed
analytically using the Funk-Hecke theorem [5]. Then, ODF sharpening is performed using spherical deconvolution to compute the fiber ODF [6]. Within a
given voxel, the putative fiber directions are selected as the local maxima of
the normalised, sharpened ODF for which the ODF function value is above a
user-specified threshold set here to 0.1. These local maxima are computed using
NEWUOA (with starting points homogeneously distributed on the unit sphere),
and they are sorted according to their ODF function value. The tractography
algorithm uses a trilinear interpolation scheme [12].
B DDI model: The diffusion function is modelled as a mixture of distributions
with a common parametric form [26]. The number of mixture components is that
of the number m of different fiber directions within the voxel. In essence, the
pdf of each of these distributions is defined as the convolution of a von MisesFisher pdf (which models the direction of the fiber) and of a centered cylindrical Gaussian pdf (which models the amplitude of the diffusion along the
fiber). The covariance matrix of the Gaussian distribution is actually a function
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of the two parameters of the von Mises-Fisher distribution: the mean direction µ
(unit vector) and the concentration parameter κ. A scalar parameter λ, assumed
to be identical for all fiber directions, completes the model. Therefore, to allow
for m fibers, the DDI model requires 3m + 1 parameters. An anisotropy value ξ,
akin to the fractional anisotropy (FA) (resp. the generalised FA (GFA) [28]) in
the DTI (resp. ODF) model, is also defined. The 3m + 1 unknown parameters
are estimated using a LS fitting on the raw DWI intensities, and this optimisation is performed using NEWUOA. Within a given voxel, the putative fiber
directions are a natural output of this model, sorted according to their diffusion
function values. Note that, as of now, the number of fibers m in this model is set
to 2, and automated estimation thereof will be a topic of future investigation.
The tractography algorithm uses a trilinear interpolation scheme.

2.2

The common multiple fibers tractography algorithm

Our goal is to track the fibers linking two ROIs. Our deterministic streamline
algorithm can be viewed as an extension of the original FACT method [16],
adapted to ODF and DDI models, using a breadth-first-type search. It must be
made clear that for the DTI model, the tractography is led without considering
multiple directions; we omit this important detail below for the sake of clarity.
Starting from one of the two ROIs, we define n starting points within each
voxel of the ROI. The DTI/ODF/DDI models at these starting points are estimated using the previously described interpolation schemes. For each of these
starting points, we compute the two principal putative directions (defined using
the previously described sorting out procedures), we follow the first direction
with a step size of l millimeters and we record the second direction for future
use, as it can be indicative of crossing/kissing/merging/diverging fibers. We
then reestimate the DTI/ODF/DDI models at this new spatial position (using
the previously described interpolation schemes), and we compute all the putative directions for each model. Among these, we follow the one closest (i.e.
with minimal angular difference) to the previously estimated first direction. A
second direction, having the highest ODF/diffusion function value among the
remaining putative fiber directions, is recorded for future use. The tracking of
the main fiber is achieved when i) the angle between two successively estimated
first directions is higher than α, or when ii) FA/GFA/ξ is lower than β, or when
iii) the fiber reaches the border of a precomputed brain mask [25]. Once this
main fiber has been tracked, we perform the same tracking from all the possible crossing/kissing/merging/diverging points that have been recorded along its
path. Importantly, for these trackings, the stepping rule and stopping criteria
are identical as those for the main fiber, but we do not record any possible mixed
fiber configuration along these secondary paths, for which we only follow the first
direction at each step. The same tracking is then led on the second ROI, and
only the tracts linking the two ROIS are kept for further analysis. In practice,
we choose the parameters n = 1, l = 1, α = 60 degrees and β = 0.15.
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Data

The data consist of dMRI, anatomical (aMRI) and functional (fMRI) MRI on 14
right-handed (8 males, 6 females) and 9 left-handed (6 males, 3 females) healthy
volunteers. The mean age was 30.3 (21 to 45). Handedness was determined using
the Oldfield questionnaire [22]. The aMRI, dMRI and fMRI data were acquired
using standard sequences on a Philips Achieva 3T system:
– aMRI: T1-w 3D TFE, 184 sagittal slices of size 256×256 (1mm×1mm) and
1mm thickness.
– fMRI: gradient echo EPI using BOLD contrast, 24 contiguous axial slices
of size 128×128 (1.8mm×1.8mm) and 4mm thickness. The hand motor task
consisted in opening and closing the hand, and was implemented in a standard block design. Motion correction, slice-timing and detection of the activation areas for both right and left hands were performed within SPM5.
– dMRI: single shot EPI, 60 contiguous axial slices of size 128×128 (2mm×
2mm) and 2mm thickness. Diffusion gradients were applied in 15 non-collinear directions with b = 800s/mm2 . Each diffusion-weighted MRI was
corrected for eddy current-induced geometric distortions [21] and denoised
using the Rician non-local means algorithm [29]. Given this low number of
directions, the (modified) spherical harmonics basis of order 4 (15 parameters) was used for ODF estimation, while 6 parameters (resp. 7) were to be
estimated for the DTI (resp. DDI) model.
For each subject, the aMR and fMR images were rigidly registered to the B0
image of the dMRI sequence [15]. A first ROI was manually delineated by an
expert neuroanatomist in an axial slice on the aMRI data through the superior
part of the mesencephalum, both on left and right sides. Tractography was then
performed between these two anatomical ROIs and the two (left and right) cortical functional ROIs to reconstruct the HMFs using the three above-mentioned
diffusion models and the previously described tractography algorithm.

3
3.1

Results
Connections between the ROIs

Our objective here was to evaluate whether the three diffusion models, coupled
with the tractography algorithm, were able to connect fully, partially, or not at
all, the anatomical and functional ROIs. First of all, we split each functional ROI
into a medial and a lateral area, the latter corresponding to the extremity of the
hand representation on the motor homunculus, i.e. the thumb. Then for each
model DTI/ODF/DDI, each hemisphere, and each of the 23 subjects, we computed a discrete score of 0, 1 or 2 depending on the quality/strength (subjectively
based on the number of fibers) of the connection between the anatomical ROI and
the medial part of the functional ROI; in a word, we estimated 3 × 2 × 23 = 138
scores. Similarly, we computed another set of 138 scores for the connection with

6

Wiest-Daesslé et al.

the lateral part of the functional ROI. At last, the overall number of fibers composing the reconstructed HMFs, i.e. linking the two (anatomical and functional)
ROIs, was also computed.
The Pearson χ2 test is particularly adequate to handle such qualitative, discrete scores. We performed pairwise Pearson χ2 tests with a significance level of
0.05, corrected for multiple comparisons (Bonferroni) to compare DTI vs ODF,
ODF vs DDI, and DDI vs DTI for the medial and lateral areas. To compare
the overall number of fibers, we first showed that the data were not Gaussiandistributed using the Jarque-Bera test, and then we performed pairwise sign
tests (which allows to test for differences in medians) with a significance level of
0.05, corrected for multiple comparisons (Bonferroni).
The p-values are reported in Tab. 1, left, and mainly show that i) the ODF
model was able to track more medial fibers than the DTI model, but as many
lateral fibers, and that ii) the DDI model did not track more medial fibers than
the ODF model, but did track more lateral fibers, at the 0.05 significance level.
These two results are confirmed by the sign test on the overall number of fibers.
3.2

Asymmetry of the hand motor fibers

Our objective here was to evaluate whether the three diffusion models, coupled
with the tractography algorithm, were able to show significant differences (in
terms of number of fibers) between the left and right reconstructed HMFs, in
right-handed (14) and left-handed (9) subjects. We pooled males and females
for increased statistical power. After showing that the data were not Gaussiandistributed using the Jarque-Bera test, we performed pairwise sign tests with a
significance level of 0.05, corrected for multiple comparisons (Bonferroni).
The p-values are reported in Tab. 1, right, and mainly show that i) none
of the models is able to show differences in left-handed subjects, but that ii)
the DDI model is the only model allowing to show that the bundle of HMFs is
larger (in terms of number of fibers) in the left hemisphere than in the right for
right-handed subjects.
Medial
DTI vs ODF 2.6 × 10−9
ODF vs DDI 3.7 × 10−2
DDI vs DTI 1.3 × 10−14

Lateral
3.4 × 10−1
7.6 × 10−12
5.5 × 10−14

# Fibers
3.3 × 10−7
3.1 × 10−7
2.8 × 10−14

RH
LH
DTI 0.0923 1
ODF 0.5811 0.1797
DDI 0.0189 0.5078

Table 1. p-values of the statistical tests. Left table: “Is there a significant difference
(level=0.05) between the 3 models in recovering tracts reaching the medial and lateral
areas of the functional ROI, in each hemisphere, for the 23 subjects? And in the overall
number of tracked fibers?”. Right table: “Are the 3 models able to show significant
differences (level=0.05), in terms of number of fibers, between the left and right tracked
HMFs, for the 14 right-handed (RH) and the 9 left-handed (LH) subjects?”.
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Fig. 1. Tractography of the HMFs in the left and right hemispheres. From
left to right: DTI, ODF and DDI. Note that we use the neurological convention, i.e.
the left (resp. right) hemisphere is displayed on the left (resp. right). The DDI model
is the only one able to consistently reach the lateral area within the functional ROI.

4

Discussion, Conclusion & Perspectives

In this paper, we showed that i) the DDI model outperforms both the DTI and
the ODF models to track the HMFs (see Fig. 1), and, maybe more importantly,
that ii) the DDI model is the only model able to show that the number of
HMFs in the left hemisphere is larger than in the contralateral hemisphere for
right-handed subjects, which seems to fit the intuitive idea that the hand motor
fibers in the hemisphere contralateral to the dominant hand should be somewhat more developed than those in the other hemisphere. Interestingly, the DDI
model, as the other two models, failed to find such a difference for left-handed
subjects, which may suggest that left-handedness is not simply a mirrored righthandedness. This is already known from e.g. the notoriously differing patterns of
hemispheric dominance for language between left and right-handed subjects, but
to our knowledge, this is the first time such results are reported on white matter
fibers, at least on clinical data. These results must now be further investigated
in light of the huge literature on brain asymmetry and cerebral dominance [27].
In particular, recruiting more males/females and right/left-handed subjects for
increased statistical power and population-specific analysis would be necessary
to confirm these first results, of potentially important anatomical significance.
As expected, the DTI model performs very poorly when tracking the HMFs.
Importantly, we stress here that we do not state that the DDI model outperforms the ODF model in general, but only in this particular experimental setting.
Low angular resolution of the order-4 ODF model can explain why it is outperformed here. It would be of high interest to try to replicate our experiments on
HARDI data using higher-order ODF models and improved (e.g. probabilistic)
tractography methods, to further support our first findings.
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Abstract. We introduce a framework for population analysis of white
matter tracts in diffusion weighted images. Our pipeline computes fibers
from high angular resolution diffusion imaging (HARDI) images; it clusters the fibers incorporating prior knowledge from an atlas; the method
then represents each fiber bundle compactly using a path following points
of highest density (maximum density path; MDP); and registers these
paths together using geodesic curve registration to find local correspondences across a population. Our framework is tested with 454 subjects
images using 4-Tesla HARDI to find localized statistics across 50 white
matter tracts based on fractional anisotropy (FA) and sex differences.
In addition, we compared the results with those derived with streamline
tractography.
Keywords: HARDI, tractography, MRI, brain, clustering, atlas, Dijkstra, shortest path, geodesic distance, Hough, connectivity

1

Introduction

Diffusion weighted imaging (DWI) captures the diffusion of water in the brain
in vivo. The brain’s structure may be understood by analyzing the local diffusion information these images provide. These images are used by tractography
algorithms to follow the dominant directions of diffusion to reconstruct fibers oriented along axons that correspond to the brain’s major white matter pathways.
We can then study these white matter regions in individuals and populations to
gain localized understanding of the effects of disease [22], changes with age [1],
hemispheric differences [10], and sex differences [17].

2
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The wealth of information from high angular resolution imaging (HARDI)
images affords us a better understanding of the brain’s structure when compared
to the single-tensor model [4]. The single-tensor model does not account for
fiber crossing or mixing, while the orientation distribution function (ODF) [23]
derived from HARDI images allow us to discriminate multiple fibers passing
through a voxel with different orientations. In contrast to previous tractography
approaches our method leverages all the information rendered by our HARDI
images to generate fibers using a novel tractography algorithm.
Tractography algorithms generate a huge number of fibers in the image space
and need to be clustered for analysis. A wealth of clustering methods have been
applied to tractography results including fuzzy clustering [18], normalized cuts
[5], k -means [15], spectral clustering [16], Dirichlet distributions [14], and hierarchical clustering [24], and a Gaussian process framework [26]. Many of these
methods will benefit from prior anatomical information provided by an atlas of
likely locations of the tracts in the brain, helping to provide insight into when
to split or combine clusters to conform to known anatomy.
In [6] the authors model fiber results with parametrized curves enabling coordinate based population analysis. This analysis has also been widely done using
tract based spatial statistics (TBSS) [20], which uses an alignment-invariant
tract skeleton representation. Our approach provides additional analysis power
because it finds homologies across our representations through registration allowing localized comparisons in a population.
We create a framework to generate fibers from HARDI images, cluster them
by incorporating prior anatomical knowledge, find correspondences across our
white matter regions, and use them to compute tract-based measures of FA and
geometric variation by examining hemispheric and sex differences in fifty major
white matter regions. Our method is tested on 454 subjects captured with 4Tesla HARDI, to our knowledge the largest whole-brain tractography study to
date.

2

Methods

Our method computes population statistics of white matter tracts from HARDI
subject images of the brain by finding fibers, clustering the fibers, representing
the clusters compactly, and finding correspondences across these representations
through registration. The framework is designed to use a novel tractography
algorithm on each subject image to calculate a set of fibers. Those fibers that
intersect an atlas of white matter tract regions of interest (ROI) are selected
as a cluster. The clusters are represented by a path following points of highest
density in the bundle and these paths are brought into correspondence using
geodesic curve registration for point-wise comparisons. The pipeline uses this to
find localized differences in white matter tract fractional anisotropy (FA) and
geometry across hemispheres and sex. We summarize the method in Figure 1.
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Fig. 1: Schematic of the pipeline for statistical analysis of white matter tracts.

2.1

HARDI Tractography using the Hough Transform

We compute fibers in each HARDI subject image using a novel tractography
algorithm [3] based on the Hough transform. It utilized the extensive information
provided by HARDI at each voxel, parametrized by the orientation distribution
function (ODF).
Our tractography method selects fibers in the diffusion image space by generating scores for all possible curves. The method incorporates fractional anisotropy
(FA) from the single-tensor model of diffusion [4] into a prior probability to generate seed points. These seed points are used to generate curves that receive
a score estimating the probability of their existence, computed from the ODFs
from the voxels the curve passes through.
The ODFs at each voxel from our HARDI images were computed using a
normalized and dimensionless estimator derived from Q-ball imaging (QBI) [2].
In contrast to previous methods, this method views the Jacobian factor r2 in
computing the solid angle (CSA) ODF as



1
1
S(û)
2
+
FRT
5
ln
−
ln
.
(1)
b
4π 16π 2
S0
In this equation, S(û) is the diffusion signal, S0 is the baseline image, FRT
is the Funk-Radon transform, and 52b is the Laplace-Beltrami operator. This
estimate is more accurate mathematically and outperforms the original QBI
definition [23], meaning it provides superior resolution for detecting multiple
fiber orientations [2, 8] and more information for our scoring function.
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The Hough transform tractography chooses fibers from all curves generated
in the image space. The method scores as many fibers as possible arising from
a seed point and uses the voting process provided by the Hough transform to
select the best fitting curve through each point. These filtered curves comprise
the final fibers produced by the method.
The method was run on each subject image and generated 2000 to 5000 fibers
(Fig. 2 shows a representative example with our data), which we subsequently
clustered using a white matter atlas.
2.2

Fiber Clustering with White Matter ROI Atlas

The fibers we calculated using tractography based on the Hough transform are
clustered by selecting those that intersect an atlas of white matter tract ROI.
We use the atlas to incorporate prior anatomical information into our clustering.
We utilize the Johns Hopkins University (JHU) atlas, which delineates 50
white matter regions of interest (ROI). This ROI atlas is registered to our subject
space using an affine transform provided by FMRIB’s Linear Image Registration
Tool (FLIRT) [11].
For our analysis pipeline, the intersection of fibers with the atlas specifies a
fiber bundle or cluster. We select an ROI in the atlas and compute the locations
our fibers intersect. The intersection is quantified by a set of voxels each fiber
passes through and we count the number of voxels that coincide with the selected
ROI to determine a fiber intersection score. This score is used to select fibers
that belong to a ROI and thus a white matter tract. The ROI will select many
fibers that spuriously intersect it. We address this by a threshold that removes
fibers with a relatively low score, the threshold is dependent on how many and
what type of fibers the tractography algorithm samples. In our case, we tuned
the threshold to fibers computed with our Hough transform based method.
2.3

Cluster Representation using Maximum Density Path

Once we have selected a fiber bundle to represent a white matter tract we compute a compact representation. This representation follows points of maximum
fiber density in the bundle to create a path. We refer to this as the maximum
density path (MDP) and it provides a basis for population comparisons and
allows localized statistics and analysis.
We constructed a graph (a set of nodes and undirected edges) to represent
the voxel-wise density in our fiber bundle. We computed a density volume of
our fiber bundle to characterize our search space. This space specifies the count
of fibers that intersect each voxel. These voxels are used as nodes in a graph (a
set of nodes and undirected edges connecting them) with those of positive value
connected to its 26 neighbors by undirected edges. Each edge was weighted
inversely by the sum of the voxel densities it connected as
1
,
di + dj

(2)
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with di and dj as node i and j’s corresponding voxel density value.
We found a path through this graph following nodes with highest density
using Dijkstra’s algorithm [7]. Dijkstra’s algorithm is a graph search method
that finds the shortest path from a source node to every other node. However,
the number of nodes in the graph may be large and when the algorithm is used
for a single destination node it may be stopped once that path is found.
To find the shortest path Dijkstra’s algorithm requires the graph to have
start and end nodes, these are specified beforehand in the ROI atlas. The ROI
points for the start and end locations may not have corresponding positive density values derived from our bundle, we find the closest voxels in the density
volume as the corresponding start and end nodes in subsequent computation
with Euclidean distance used as the metric.
Dijkstra’s algorithm will find the path once the start and end nodes are finalized. It will first assign a distance value to every node in the graph, zero for
the start node and infinity for the rest. The algorithm marks all nodes as unvisited and the start node as current. The current node’s distance to its unvisited
neighbors is calculated and if that distance is smaller then the neighbor’s existing
distance value it is replaced. The method will mark the current node visited and
the current node’s distance is final, meaning the distance from the start node to
itself will remain zero. The new current node will be selected as any unvisited
node and the algorithm will continue exploring nodes until the destination node
is visited, resulting in a path to this node minimized in distance.
If Dijkstra’s algorithm is unable to find the path between the start and
end nodes our method automatically identifies this situation and takes steps
to remedy the graph and find the shortest path. The algorithm will be incapable
of finding a connection between the two nodes if the graph structure is such
that there are no edges from the subgraph containing the start node with the
subgraph containing the end node, caused by scanner issues or a deficiency in
fibers calculated from tractography. In this situation we add edges and nodes to
the graph so all voxels within our ROI are fully connected with their neighbors.
The edges are weighted with the smallest positive value our machine is capable
of representing and allows gaps between the start and end nodes to be filled in
without biasing the resulting shortest path.
Dijkstra’s algorithm computes a set of voxel locations in our image space
connecting the start and end nodes to create a path. We smooth the path so it
is better conditioned for subsequent processing. We convolve the 3D coordinates
of our path with a Gaussian kernel to achieve this, though fitting these points
to a spline would also have sufficed.
Our resulting maximum density paths (MDPs) are then registered together
to find correspondences across the set.
2.4

MDP Correspondences through Geodesic Curve Registration

The MDPs represent fiber bundles that characterize a tract in a low-dimension
space. These compact descriptions of a tract’s scale, location, and high-level
geometric information are computed for all subjects in a population. We find
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correspondences across the paths by bringing them into the same space using
geodesic curve registration. The registration’s target is the population’s mean
MDP.
We use geometric features of the MDPs, based the on our method for matching 3D curves [12, 13]. The MDP path is represented by a parametrized curve in
R3 . Assuming a standard unit interval, the coordinate function of this path is
denoted by β(s) : [0, 1] → R3 . The coordinate function is not a good choice to
analyze the shape of the path, since it is confounded by global location, scale,
and orientation. While the objective of coordinate registration approaches is the
establishment of spatial correspondences across tracts, our approach here is to
establish shape correspondence between different tracts. As our goal is to analyze the tract geometry independent of the pose, we represent the shape of the
coordinate function of the MDP using a vector valued function as
β̇(s)
∈ R3 .
q(s) = q
||β̇(s)||

(3)

p
Here, s ∈ [0, 1], || · || ≡ (·, ·)R3 , and (·, ·)R3 is the standard Euclidean inner
R1
product in R3 . We now denote Q ≡ {q|q(s) : [0, 1] → R3 | 0 (q(s), q(s))R3 ds = 1}
as the space of all unit-length curves. On account of scale invariance, the space
Q becomes a unit-sphere of functions, and represents all open elastic curves
invariant to translation and uniform scaling. The tangent space of Q is given
as Tq (Q) = {w = (w1 , w2 , . . . , wn )|w(s) : [0, 1] → R3 , ∀s ∈ [0, 1] such that
R1
(w(s), q(s))R3 ds = 0}. Here each wi represents a tangent vector in the tangent
0
space of Q. We define a metric on the tangent space as follows. Given a curve
q ∈ Q, and the first order perturbations of q given by u, v ∈ Tq (Q), respectively,
the inner product between the tangent vectors u, v to Q at q is defined as,
Z
hu, vi =

1

(u(s), v(s))R3 ds.

(4)

0

Now given two shapes q1 and q2 , the translation and scale-invariant shape
distance between them is simply found by measuring the length of the geodesic
connecting them on the sphere. To ensure rotational invariance, we search for
an optimal geodesic path in a quotient space of the sphere under the special
orthogonal group SO(3).
In addition to computing geodesic paths on the space of shapes, one can also
minimize the geodesic variance that consists of sum of squared pairwise geodesic
distances for a given collection of paths. This optimization procedure enables
one to compute statistical quantities, such as means and covariances of MDPs.
The MDP parametrization afforded by this registration method produces
correspondences that facilitate comparison across a population.
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MDPs Compared across a Population

The registrations step provides features along each MDP that can be compared
across the population in the form of points. We compute each point’s variation
of fractional anisotropy (FA).

3
3.1

Experimental Results
Subject Data

Our subjects comprised of 454 healthy young adult twins and their siblings. We
captured these subjects with a 4-Tesla Bruker Medspec MRI scanner, collecting
3D 105-gradient high angular resolution diffusion images (HARDI) and standard
structural T1-weighted magnetic resolution images (MRI). The images consisted
of 55 slices 2-mm thick with a 1.79 × 1.79 mm2 in-plane resolution. For each
image, we collected 94 diffusion-weighted images (b = 1159 s/mm2 ) using a
uniform distribution of gradient directions on the hemisphere. Additionally, we
collected 11 b0 (non-diffusion encoding) images and corrected all images for eddy
current distortions and motion with FSL (www.fmrib.ox.ax.uk/fsl). Our cohort
consisted of 289 women and 165 men, ranging from 20 to 30 years of age.
We prepared our image data for our analysis pipeline. In each T1-weighted,
we manually removed non-brain tissue and registered them to the Colin27 high
resolution brain template using a 9-parameter transformation [9]. These skullstripped and registered T1-weighted images each have a corresponding average
b0 diffusion weighted image (DWI), combining all eleven we collected. These
average images were masked using BET [19] and this space was used to generate
FA maps. Additionally, we used the FA images to compute a geometricallycentered study-specific mean template (mean deformation template; MDT).
We computed MDPs for 50 regions specified in the white matter ROI atlas
for each of the 454 subjects. By registering the MDPs to their sample mean,
we computed corresponding points across the MDPs. The FA at these locations
was used for two-sample t-tests comparing MDPs in groups differing by sex.
These tests were completed on the fibers derived using the Hough transform
method and the widely used streamline method [25] that reduces the HARDI
information to tensors and follows the direction of highest diffusion in the tensor
i.e. the eigenvector with the largest eigenvalue.
Fig. 3 & 4 show the false discovery rate (FDR threshold < 0.05) [21] adjusted
p-values from two-sample t-tests on FA along each subject’s MDP for the Hough
transform and streamline based tractography methods respectively. p-values are
overlaid in color (red being more significant) on the mean MDP for each white
matter region.

4

Discussion

The cingulum, anterior limb of the internal capsule, superior longitudinal fasciculus, and anterior corona radiata, were some of the white matter regions with
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Fig. 2: Fibers extracted using the Hough transform based method.

significant differences between the two sexes. The analysis of the Hough-derived
fibers analysis showed more significant regions than that of the streamlinederived fibers i.e. the Hough results showed in both hemispheres the cingulum
and the superior longitudinal fasciculus, hinting that the greater resolution afforded by HARDI images can help find more significant regions.
We implemented and tested a new pipeline for tract-based analysis of DTI,
which uses an atlas to help cluster tracts for point-wise curve-based analysis.
Sex differences in the FA of 50 regions of interest delineated in an ROI atlas,
suggesting promise of the method for detecting other factors that affect tracts,
such as disease and risk genes.
Our method enables population analysis of diffusion-weighted images without
relying exclusively on global registration of the images into the same space.
The method we introduce uses the registration of the ROI atlas to the subject
space to roughly initialize seed points which are used to generate maximum
density paths derived from fibers from tractography. The MDPs are then put into
correspondence through curve registration, allowing us to focus the registration
specifically on the white matter region we are interested in without involving
the rest of the image.
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Comparison of probabilistic diffusion tensor
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macaque
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Abstract. Examinations of probabilistic tractography have identified major
tracts across the brain, but little has been done to compare them to wellestablished tracer studies. Therefore, diffusion tensor imaging (DTI) probabilistic tractography of white matter (WM) was performed on a DTI template generated from 271 rhesus macaques. Injection sites from tracer experiments in literature were chosen as seed regions from which to begin tractography. Results
demonstrated the probabilistic connectivity maps obtained on the DTI template
were largely consistent with connectivity maps from the tracer studies.

1

Introduction

While post-mortem examination of labeled white matter (WM) fibers remains the
state of the art for examining structural connections throughout the brain, these studies are difficult to perform in humans. Diffusion tensor imaging (DTI) may be used to
estimate the local orientation of WM fiber bundles in the brain (1). This directional
information allows scientists to estimate and reconstruct the tract pathways noninvasively using tractography methods (2). DTI tractography is likely to further aid in our
understanding of the connections within the human brain. Probabilistic tractography
generates a spatial distribution of estimated tract connections and associated confidence.
Unfortunately, much of the extant knowledge about the ground truth for structural
connectivity has been revealed by careful examination of injected tracers, designed to
travel down the axons of WM, in rhesus macaque monkeys. Although DTI provides a
unique opportunity to examine these connections in vivo within the human brain, little
has been done to examine the precise limitation of this method as compared to the
well-established tracer studies. Because differences between DTI-based tractography
measures in humans and injected tracer studies in monkeys can be attributed to both
technique and species differences, it will be important to study these differences
within the same species. Therefore, we performed DTI tractography in a large sample

of rhesus monkeys and compared the resulting tracts to published results performed
using more invasive methods.
A DTI brain template was created from 271 healthy young rhesus macaques (3).
Here we performed probabilistic diffusion tractography in this template from seeds
that correspond to the injection sites of reviewed tracer studies. The results are then
used to analyze the similarities in connectivity images between our tractography and
the tracer studies. Thus we have a method, within a single species, to examine how
DTI tractography methods compare to ground truth anatomical data. We address possible limitations to these qualitative methods and outline future work in mapping the
rhesus macaque’s brain.
In this paper we first discuss methods for aligning an atlas to the template, then using the CoCoMac (Collations of Connectivity data on the Macaque brain) database to
identify brain regions to use as seeds and targets in a preliminary analysis. Next we
attempt identification of specific injection areas from individual studies to use as
seeds for probabilistic connectivity.

2

Materials and methods

2.1

Aligning the template to an atlas

ROIs from a digitized version of a rhesus brain atlas (4) were aligned to a rhesus
T2-weighted MRI template (5). A rhesus DTI template (3) was created from 271 individual DTI scans (b = 1000 s/mm2, 12 non-collinear directions with one nondiffusion weighted image, acquisition repeated 6 times and averaged) with a native
resolution of 0.547 x 0.547 x 2.5 mm. The template was created using DTI-TK, an
advanced DTI spatial normalization and atlas construction tool (6) that incrementally
estimates its displacement field using a tensor-based registration and optimizes tensor
reorientation to preserve tensor properties (7).
The DTI template was resampled with a tensor-specific command (TVResample)
to match the voxel dimensions of the T2 atlas, and then rigid registration was performed, all using DTI-TK software. The atlas-based ROIs were used to identify brain
regions for both tractography seeding and reference points. In order to remove the
effects of slight mis-alignment from rigid registration, and to avoid restricting the
seed voxels to gray matter (GM), which would work poorly for WM tractography,
atlas brain regions were always dilated once prior to use as seed regions or visual
overlays.
2.2

Using the database to identify seed and target regions

The CoCoMac database (8) is an online resource compiling results from hundreds
of tracer studies found in the literature. The user enters a brain region or abbreviation
as a search query, and the result is a list of reported connections between that region
and others. For each “seed” region used as a search query, all regions with qualifying
connections documented were recorded, to create a list of “target regions”.
2
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Probabilistic tractography was performed using the “PICo” algorithm in Camino
(9). For each voxel in the seed region, the algorithm uses DTI data to calculate the
probability for each other voxel in the brain that it is anatomically connected to the
seed voxel. The probabilities are averaged over all the voxels in the seed region, creating a map where the intensity at each voxel in the brain is proportional to the probability that it is connected to the seed ROI. For this study, the PICo algorithm was run
with probability density functions (PDF’s) from the Bingham distribution, which
allows elliptical probability density contours. Streamlines were generated with 2000
iterations at each voxel. A minimum fractional anisotropy (FA) value stopping criteria
of only 0.05 was used, to allow the tracts to cross into GM if possible, but a curvature
threshold was used to terminate streamlines if curvature between current and previous
directions is greater than 80°
After running probabilistic tractography on the seed region, both the target regions
from the Paxinos-based atlas and the connection probability maps were applied as
overlays on the template FA map. This enabled a visual comparison between connections identified by tractography and those identified in tracer studies. Because the
tracer studies only report connections to GM regions, and tractography follows WM
pathways, we do not measure correlation in the methods by direct overlap of labeled
pixels, but rather by adjacency of connected WM paths to target GM regions. In a
few representative studies, tractography was compared with tracer maps through similar brain sections.
2.3

Using specific reported injection sites as seed regions

To get a better sense of the finer accuracy of probabilistic tractography, we chose
specific tracer studies and attempted to duplicate the injection site to use as a seed
region. Since the literature usually defines injection sites only on illustrations of histological sections, it was impossible to perfectly replicate the injection sites, but illustrations provided clues to help us draw the seeds as accurately as possible. Gross slice
placement could be ascertained from a sagittal image with coronal slice locations
marked. Nearby brain regions labeled on the illustrations were cross-referenced with
the Paxinos-based atlas regions, and the shapes of major sulci were visually compared, to identify the proper slice in which to place the seed region. Then seed regions
were carefully drawn by hand to mimic the illustrations, and probabilistic tractography was run with them. A visual comparison of these probability maps and the
study’s illustration of labeled cells was made. Many labeled regions could be identified on the probability maps.
The following studies were chosen:
 Schmahamann and Pandya, Fiber Pathways of the Brain, Case 21 (p. 263) - injection into ventral part of visual area 4 (V4)
 Distler et al. 1993, Case 1 - injection into TEO with labeled cells appearing in V2
 Cavada et al. 1989, Case 2 - injection into Broadman’s 7a (part of parietal areas PG
and PF)
 Rockland et al. 1999, Case S43 - injection into pulvinar nucleus with labeled cells
appearing in V2 and other visual areas

3

Results

3.1

Using the database to identify seed and target regions

This section displays results of probabilistic connectivity analysis performed on selected regions of the 3D Paxinos atlas. We display as “target regions” those regions of
the atlas that were identified as connected to the seed region in the CoCoMac data.
Fig. 1 shows an example of a comparison between CoCoMac data and proabilistic
tractography from our template. The seed region is Area 4 of the cortex. In this example we can see that the blue target regions lie adjacent to red regions of WM connectivity in most cases. In the more medial of the presented slices, it is evident that the
deep GM structure VPL (ventral posterolateral thalamic nucleus) shows direct overlap
with the probability map.

Fig. 1. Every 3rd coronal slice of the DTI template FA map. Overlaid are: Area 4 seed in green,
probabilistic connectivity map in yellow(high probability)-red(lower probability), CoCoMacidentified connected “target’ regions in blue, and in areas of direct overlap with the connectivity map, appear purple.

3.2

Using specific reported injection sites as seed regions

Next we attempted a more precise validation of tractography by visually duplicating illustrated injection sites from specific tracer studies. In each case we started by
indentifying the regions named in the text as injection sites. In many cases, we used
anatomical landmarks that were labeled in the illustration to help match the injection
area as precisely as possible. We then used our reproduction of the injection site as a
seed for probabilistic tractography, and used the illustrations of labeled cells from the
studies as a qualitative comparison to the connection probability results.
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Fig. 2. Left: An illustration from Distler et al. 1993 (10) of a tracer (WGA) injection into the
TEO (black region) and the labeled cells (dots). Right: Probabilistic tracography results (yellow-red) using the TEO as a seed. Connections were found adjacent to region V2 (shown in
blue as a guide) near certain areas in which the tracer study indicated labeled cells (green arrows).

Fig. 2 shows an early attempt in which we simply use the region TEO, or posterior
inferior temporal cortex (listed as an injection site in (10)), as a seed. Connections
were found adjacent to areas of V2 that were labeled in the paper’s illustration.
Fig. 3 shows a case in which we were able to recreate the injection site more accurately using an illustration (11) which labels several reference regions. The figure
shows both the selection of seed region and the resulting probability map, which
traces WM tracts that correspond well visually to tracts formed by labeled cells in the
reference paper.

Fig. 3. Left: Selection of seed region on FA map. Top image from Cavada and Goldman-Rakic
1989 (11) , indicates the injection site with the black region. The labeled regions DPI (dorsal
prelunate cortex, modern V4), parietal area PO, and the calcarine sulcus (dark area on lower
image) were used to determine the correct coronal slice in which to draw the seed region (green
on lower image). Right: A more anterior coronal slice. Top image from Cavada shows labeled
cells as dots, lower image shows FA map illustrating probabilistic tractography results from the
seed region. Area V2 is show in blue as a reference. Tractography traces a path which replicates
a path formed by labeled cells in the illustration, though the relative position in the image may
be different (likely due to the effects of viewing a fixed vs. in-vivo brain slice).

Fig. 4 illustrates an even more precise selection of a seed region, reproducing the
injection site of (12) . The resulting probability map, shown in Fig. 5, corresponds
qualitatively well to the portions of area V2 in which labeled cells were illustrated.
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Fig. 4. a) Position in brain of pulvinar reference points. b) Left: Our drawing of the seed region
(red) on our template FA, using reference areas PL (dark blue), PM (medium blue) and PI (light
blue). Right: Illustration from Rockland et al. 1999 (12) specifying injection region. This illustration at a small scale allowed more specific seed placement than other studies. PL=lateral
pulvinar, PM=medial pulvinar, PI=inferior pulvinar.

Fig. 5. a) Position in the brain of visual areas connected to pulvinar seed. b) Left: Results of
probabilistic tractography in our template from the seed region (yellow-red). Area V2 (blue) is
shown as a location reference. Right: Results from Rockland et al. (12) of the tracer injection
from same seed. Black asterisks indicate areas of labeled cells. Black asterisks were placed in
the left image to mark approximately the same brain area in our dataset. Short green lines delineate boundaries of area V2. FA images and illustrations are not scale matched, but slices
were chosen based on landmarks and shapes of cortex.
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Fig. 6. The DTI FA template (bottom) with a seed region (green) drawn based on Case 21 of
Schmahmann and Pandya’s “Fiber Pathways of the Brain” (13) (top), the probabilistic tractography results from said seed (yellow-red) and the areas listed by Pandya as being directly
connected to their seed tracer (blue). Adjacency is seen between many of the WM paths outlined in red and the GM regions outlined in blue. Additionally, the path traced by probabilistic
tractography mimics the shape of the path of labeled cells in the illustration (green arrows).

Fig. 6 displays results of probabilistic tractography after best attempts to replicate
injection/seed region in area V2 from Case 21 of Schmahmann and Pandya (13) . The
blue area indicates regions that were listed in the book as containing labeled cells. The
connection probability map both runs adjacent to this blue area and follows a path
visually similar to the provided illustrations, providing an extra layer of qualitative
verification.

Fig. 7. Our DTI FA template (bottom) with a seed region (green) drawn based on Case 27 of
Schmahmann and Pandya’s “Fiber Pathways of the Brain” (top), and the probabilistic tractography results from said seed (yellow-red). In this case the dotted areas in the top illustration
representing labeled cells are not well-reproduced by the proability map.

Not all attempts at this kind of reproduction were as successful. Fig. 7 shows an
example similar to the one in Fig. 6. In this case we reproduced an injection/seed
region into Area 4 of the cortex. The resulting probability map recreates parts of the
paths marked by labeled cells from the book’s illustration, but many other regions of
heavily labeled cells are missing.

4

Discussion

These results provide a qualititative visual comparison between probabilistic tractography on a 271-subject rhesus DTI template and reported tracer studies. While this
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type of analysis has its limitations, we believe it does demonstrate a degree of correspondence between tractography and tracer studies.
While it was expected that tractography might generate more false positives due to
tracts mistakenly latching on to crossing fibers and following those paths, in reality
there were many more false negatives. This helps to confirm that what is seen in
tractography is not “wrong,” and also illuminates some of the specific shortfalls of
this method.
There could be several reasons why probabilistic connectivity cannot fully reconstruct tracer maps. The diffusion tensor model cannot resolve crossing fibers. Tractography errors also increase with the length of the WM pathway. A subtle difference
is that tractography estimates WM pathways, while CoCoMac database is defined by
connections between GM regions. Thus it is difficult to assess the overlap of tracer
distribution in WM with the tractography probabilities. The ability of tractography to
reconstruct pathways at the GM/WM interface is also less predictable, thus reconstructions were assessed as being positive if the tracts either terminated in or were
adjacent to the specific GM regions.
The results of this study are also limited by the alignment accuracy of the DTI
template with the 3D Paxinos atlas. The alignment was done using only affine registration and manual adjustment. These templates were not created from the same animals and local anatomic inconsistencies and distortions would lead to misregistration.
The precision of region selection was also limited. When using the CoCoMac database, seed regions were selected based on regions of interest listed in literature –
there was no quantitative data listing precise brain coordinates, and there was no cytoarchitectonic information available from the animals used in the template. It is
likewise with target regions. Fig. 1 shows regions in red that were listed as being
connected to Area 4 of the cortex. For larger extended regions, tracer studies did not
always show connections to the entire target region, as in the inferior area of more
posterior slices (lower rows of Fig. 1).
Tractography reconstructions were compared qualitatively with tracer schematics
in Figures 2-7 to assess the general consistency between methods. In general, there
was good correspondence in connectivity patterns although discrepancies were observed (Fig. 7). Tracer studies are considered the de facto ‘gold standard’ though there
are limitations. These maps are generated from ex vivo brain sections thus post mortem extraction and sectioning will distort the anatomy. Further, these tracers mainly
follow a specific pathway, but there is the chance for leakage into adjacent pathways.
The tracer connectivity schematics are scanned and manually traced reproductions of
visual stain or autoradiography mapping. All of these effects can lead to slight artifacts in the tracer ‘reconstruction’. Further, tracer studies in multiple animals demonstrate moderate variability, which may be differences in injection site and distribution
and/or actual anatomical connections.
This work is unique compared to other studies that have performed comparisons of
diffusion imaging techniques and radioactive tracer studies (14, 15), in that it investigates tract reconstruction from specific cortical areas, and compares tract endpoints.
It also validates use of tractography on a group template made of many individual
animals. While others (16, 17) have compared histological results and probabilistic

tractography from the same injection/seed region in a single animal, we have provided
more general results that work in a template made from a large population. This
method cannot provide as precise a quantitative comparison of labeled voxels as previous work, but its qualitative results provide validation of tractography in population-averaged data sets, which are often used in neuroscience research.
Conversely, tractography was performed on an average DTI template from 271
animals, which will reconstruct a population averaged pathway reconstruction, but
does not account for individual variation. The use of a group averaged diffusion tensor set for this application is novel. The averaging of this many brains increases the
effective SNR though there is likely some blurring from the superposition of tensors.
The animals in the template are also different than those in any specific tracer studies,
thus it was not possible to do a one-to-one correspondence, here. Work is being carried out to move from this close visual analysis to a more generalized comparison to
the CoCoMac database, similar to what has been done (15, 18), combining the novelty of our large-group dataset tractography data with quantitative information.
This study is an important step for evaluating tractography reconstructions and
connectivity mapping from specific cortical areas. Despite the limitations with the
techniques used, there was good qualitative correspondence between tractography and
tracer studies. This is promising for using similar approaches for constructing a connectome of the rhesus macaque as well as the human. Future studies using high angular diffusion imaging methods for resolving crossing fibers will likely improve the
reconstructions. The analysis will be extended to additional brain regions in the future.
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